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Introduction
The maths subject is considered one of the basic courses that helps students to acquaive
educational abilities to develop thier thinking and solving problems and it helping to
deal with difficult situations in thier life .
As a starting point of attention by the Ministry of Education represented by the General
Directorate of Curricula to develop the curricula in general and specially of maths in
order to go along with the technological scientific .
This book is part of the of the project to diversify education for sixth — graders / (Applied
Branch).
The book consists of six chapters:
The first chapter is (Complex Numbers) which contains:
Find the roots and their properties ,Solving second —order equation .in complex number
, polar coordinates , Modulus and Argument of complex numbers .
The second chapter is (Conic Sections) which contains:
The standard equation .for Parabola , Ellipse and Hyperbola, and eccentricity of each
them.
The third chapter is (Application of Differentiation) which contains: Higher-order
derivatives Related Rates.
Rolle’s and Mean value theorem ,the derivative test for increasing and decreasing for a
function, local Max and Min, Concavity and inflection opint, the second derivative test
for local Max. and Min graphing functions and optimization (Max ,Min) problems.
The fourth chapter is ( Integration )which contains: Integration and its applications, find
integration of Algebraic, Logarithmic , Exponential and Circular functions find the area
between x-axis and the curve , and the area between two curves ,find the volume of
revolution .
The fifth chapter is (Ordinary Differential Equation) with contains: find (Degree, Order and
Solution) and solving equation by separation of variable and by homogenous equations.
The sixth chapter is ( Space Geometry ) which contains: Dihderd angle and perpendicular
planes ,and Orthogonal Projection on plane some and solids volume.
We hope God help us to serve our country and our sons

Authors
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COMPLEX NUMBERS

Chapter 1 : Complex Numbers

I -1 Need to expand set of real Numbers.

1 -2  Operations on complex Numbers sel.

1-3 Complex Conjugate.

1 -4 Square roots of complex Number,

1 -5  Solution of guadratic equation in C.

1-6  Cubic roots for integer.

) Geometrical representation for complex Numbers.
-8 Polar Tform of complex Number.

1 -9 De Muoaivee™s Thearem,

Terminelogy

Term Symbol or Mathematical Relation
Real part of number 7 : R(Z) R(Z)=x=r.cosd
Imaginary part of number Z:I{Z) I{Z)=y=r.sin0
Argument of complex number Z arg(Z) =0
Modulus of complex number £ r=||Z|| = mod Z
Left hand side LHS
Right hand side RHS
Naturel numbers N
Intckers L
Whole numbers w
Rational numbers Q
Real numbers R
Complex numbers C




COMPLEX NUMBERS

I —1: Need to Expand set of real numbers j

We have previously studied solution of linear equation. There is one unique solution for a set of

real numbers for any linear equation.

When studying quadratic equations, some of them have a solution in the real number set, some do

not have solution in this set, like equations :
(x*+1=0), (F*+dx+5=0)

As vou learned, quadratic equations whose discriminant is  (b® — dac)  a negative number.,

have no solution in the real numbers set,

Emergence of this type of equations in physical and geometrical applications has urged the need
to expand real numbers set to a larger set, which is the complex number that need to be the

subject of our discussion in this chapter.

i F 5 i
When we want to solve the equation (x* +1=0) or (x* = —1) , there is no real number whose

sgaure is {(—1), so we suppose a number v=1. It is a non-real number (i), it is called imaginary

unit, it is not a number that can be associated with computing or measurement.

(i) Satisfies algebraic properties of the real numbers except for order property (ordinary),

therefore we can compute the powers of (i) as follows :

B=2.i=1).i=-i
f=2.2=CD.(D=1

27=i2, i=G)B.i=(DB.i=i
Bl=30 =@, i=D¥?.i=1.i=1i
iT=M3.i=@)*.i=()*.i=i

iB=i16 j=@i)8 i=Cnd.i=i
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Generally :

Il
~—
o
~ E
[E—
[\9]
W
—

This means when (i) is power to a positive integer, the result is one of set |—i,1, -1, 1}

Whereby (i) power is divided by 4, the remainder is new power to (i)

For example :
i% =i because 25 quotient by 4 is 6 and the remainder is 1.

i = i = _i because 99 quotient by 4 is 24 and the remainder is 3.

Example 1

Write the following in simplest form :

al 116
by 8
o) jl2me3
d) i3

Solution

al ilf=jM4H0 — 0
b ‘FH= i4[l4}+2 =i2=_|

g} 1Rl = j4n) 990 - {1]3-:1 CjHENN = (i) =i

| S I
g =0 =1 =1
d) 1 " g U
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| The square root of a real negative number can be written using (i) significance.

For example:

J=16 = 1641 = 4i
=25 = 2541 =5i
J-12 =124-1 =243i
=15 =51 =i

Generally :

V-a =Va/-1=vai , Vaz0

MNow after laerning what the imaginary number is, What the number (a + bi} is called?

Whereby (a) is real number, (b) is real number w.."—_l=i T

Piciniion 1 JRSNELR

The number ¢ = o + hi , whereby a, b are real numbers, V-1=iisa complex number, its real
part is (a) while (b) its imaginary part. The complex number set is symbolized ©_ the form  w + bl

is called the standard form or the algebraic form of the complex number.
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Any complex number ¢ = a + hi can be made equivalent for unique order pair (a, b). a, b a real
mumbers. conversely. the real number {a) can be written a5 a+0i or (8. 0) and (1) is the
imaginary unit, such that :

ie=(01) or i=0+1i
The number (0, b) <> bi 15 a pure imaginary number, as for the number

(a, 0) <> a=a+ 0L itisapuore real number,

The number -2 + 31 is a complex number, its real part is —2, imaginary part is 3.
The number <2 is a complex number, its real part is -2, imaginary part is 0,

The number -3i is a complex number, its real part is 0, imaginary pant is -3.

Write the following aumbers in the form of a + bi :

a) =5 hiy/—100 e} =1=4-3 d) Fund)

1) =5 =-5+0i
bl V100 =+100.~1= 10i =0 + 10i
g ~l=ufF=-1-3i
1+..FE=1+.."2_si=

L &
4 4 & &

d)

Since each real number can be written as o + 0i or (a, ), i.e, it can be written as a complex

number, its imaginary part is zero, this means:



Real number set R is a subset of the complex numbers C, this means R< C.

Definition 1-2 Equality of Complex Numbers

If cy=aytbii, cr=aztbyi them b,=b, . a,=a, < ¢,=¢,
The two complex numbers are equal if their real parts are equal and their imaginary parts are equal

and vice versa

Find the value of real x, y that satisfies the equation in the following :
a) -=1+2i=1+(y+1)i

b} 3Ix+4i=2+Byi

) (2y+D-(2x-1)=-8+3i

Solution

a) x=1+h=1+(y+ 1
x=-1=1 = k=1
= x=1
i=y+] = y=2—1]
y=1

bl Ix+4i=2+8n

oo | &=
Bl | —

s
Ix=2,4=8y = :=E oy

10
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¢} (Zy+1)—{2x—1)i=-8+3i
y+l=—8,(Ix-1)=3 =
y=-8 ,=lx=21 =

L

rations on complex numbers set :

First: Addition operation on complex numbers Set:

Definition 1-3 Addition of Complex Numbers

Let  o=mthi, ec:=artbzi whereby ¢, » ¢; € C then,

¢, te,= (a; +a,)+ (b, +by)i
As you know, (a, + a,) € R, (b, + by) € R, because real number set is closed under addition

aperation.

(a; +a,) +(b, +hy)ieC

Complex numbers set is closed under oddition operation

Add two complex numbers in the fallowing :
a) 3+442i, 5-242i
by 3,.2-%

e}y l-i., M

n

11
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A 3+a2i -2V =3+ 5+ @ V2-242)i
=8+242i

Bl (3)+(2—5i)=(3 +0i) + (2 - 5i)
= (34 2)+(0-5)i=5-5i

g) {I-D+Ia={1-1)+{0+3)
={1+0+ =l +ai=1+3

Properties of addition operation in complex numbers

The addition operation in complex numbers has the following properties :

V¢, € C; € C then,

«  Commutativity : ¢, + ¢, =g, + ¢

«  Associativity 1 ¢ + oy + o) = (o) + ;) + ¢y

. Additive Inverse : Ve e C,c=a+hi 3 z:c+z=2+c=0 = z=<
Wherehy —a—bi = — ¢, (—¢) is called the additive inverse of the complex number ¢.

Additive Identity : svmbolized (e) and defined as :e=0=0+10i € C

Subtracting a complex number from the other equals the addition of the first complex

number with the additive inverse of the second complex number.

12
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Find the result of
(T - 13i) - (9 + 4i)

(7= 13i)— (9 + i) = {7 — 13i) + 9 — 4i)
=(T-9)+ (13- 4)i
=—2- 11

Salve the equation
(2-4i)+x=-5+1 wherebhy x € C

2-4)+x==5+i
By adding the addivite inverse of the number (2 — 4i) to the two sides :
(2-4i)+ (-2 + 4} +u=(-5+i) + (-2 +4i)
x={-5+1)+ (-2 +4)
={-5-2)+ (1 +4p
= -7+ 51

Second : Multiplication operation on complex numbers set
To multiply two complex numbers, they are multiplied as two algebraic values and substitude

instead of i° by the number (1), as follows :

13



If ¢ =a +bji, e;=a, +b,i then
c; . c; = (a, + byi) . (a, + byi)
= a,.8, + 8,.byi + a,.b;i + b, .b,i?
= ﬂi-ﬂz + ﬂlah=i+ ﬂ.-gah-li — bl.hz

= (8.8, - by by} + (a,.b, +a,b)i

‘ Ik eR,e=athi then ke=ka+k.bi

ST S B B Multiplying Complex Numbers

Let ey=a;+byi , ey=az+byi whereby ¢,. ¢, € C then
€1+ €2 = (ayay —byba ) + (ayby+ a5by]i
As you know  (a a,-b;b,) € R and {a;b, + a,b,) € R because
R is closed under multiplication operation
Therefore; ¢, . ¢; e C

Complex numbers set is closed under multiplication operation.

Example 7

Find the result of the following

gl (2-3iK3 - 50)
by (3 + 4i)?

e) i1+D)

d) —%(¢+3n

e) (L+i*+(l-1i)
14
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w} (2-3H3-5)=(6—-13) +(-10- 9

=0 — 1%

Or the result can be reached by distribution :
(2-3N3 -5 =6—10i -9 + 151 =—9 19
Bl {3+4iY2 =9+ 24i+ 16i%
=9+ 24i— 16

=_7+ 24§

Or the result can be reached by distribution :
(3+4iP=(3+4iNI+AH)=0+12i+ 12i + 16
={9=16)+ (12 + 12)

= -7 + 24

) l+)=i+it=a] +i

d) —%H+3i}=—m—%i
) (I+D2+(1=iR=(1+2i+i+(1-2i+i

= +{-2)=0

Properties of multiplication operationon complex numbers

¥V ECpnty el
Multiplication operation of the complex numbers has the following properties :

»  Commutativity : ¢, x ¢, = ¢, % ¢,
Associativity : o, x (o % eq) = (0 % €5) x ey

«  The Muliiplicative Identity which is { 1 +0i) =1

15



COMPLEX NUMBERS
The Multiplicative Inverse :
:::u:% ={1+ 0i) whereby EI% eC,¥c#(0+00)
1.e. each complex number ¢ other than zere has a multiplicative inverse

l that belongs to complex numbers set,
[

(1-3) Complex Conjugate

Definition 1 -5 Complex Number Conjugate

I Conjugate for complex number e¢=a+bi is c=a-bi YahbheR I

For example ;
3+ is conjugate to number 3-1 and vice versa in correct, also (i) conjugate is (~i) and the

vice versa,

5-41 15 conjugate o 5+4i and the vice versa, also 7 conjugate is 7.

) oxey=cto

2} £ "Gy =0Ty
3 e=e
4) If c=a+bi then c.c = a® + b

55 IfceRthenc=c¢

) [“—l]=“=1.az=eu
¢) ¢

16



Example 8

If =1+ , ¢:=3-2i .then, check:

solution

) g te=(+D)+(3-2i)

—[A-T)=4+i

¢+ =(1+i)+(3-2i)

=(1-1) +(3+20) =4 +i

€ +er =6 +¢

{ Check yourself /

€ -Gy =6 -C

2) ey =(1+i) - (3-2i)

=3-21+3i-2i*=5+i=5-i
¢ +e; =(1+1)(3-2i) = (1-i)(3 +2i)

= (3+2)+(2-Ni=5-i

“1"’1=“_L"5_:

17
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Find the multiplicative inverse of the number ¢=2-2i and put it in the standard form of

the complex number.

i 3
The multiplicative inverse of numbercis —
c

| l 1 2+21 2+241 2421 1 1,
: = = =—+—i
4 4

¢ 2-71 2-2i 2+2 444 8

Ir 3—_21 , X—vi
i 1 + 5

are conjugated, then find value of each x, y & H.

3-2i =(x—yﬁi] B =2 =x+}'i
1 I+ 5i 1 1-5

xi+yi° =3-15i-2i+ 10§
x-y==7=1T

Lox==17 =y==1
y=1

18
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If =321 , ¢=I+ the prove that :

b L

252

3_ij1_i]
1+i 1-i

To divide the complex number ¢, to the complex number ¢, where ¢, # 0, we multiply

c
the numerator and denominator of the E'; by the conjugate denominator , then :

L VR

Gy € G

19



[ Example 12

Write the following in the form of a+hi :

T+i 2 =i 1424
g) — by —— c
) 1-i ) 3+ 4i :I -2 +i

Solution

Iri _1ei_l+i_1+2i+i 2

= = = =1=0+1
i o Y T T
X=i . 2= 33—4i=ﬁ-—ﬂi—3i+¢i1=2—I'Ei.=£_lli
3+41 J+4 =4 Q416 25 25 25
1+2% 142 -2—i -2=i—#i-%" -5 . .
c) - = — ¥ - = = =—1=0-1
241 =241 =2-i 441 ]

x? +v? can be analyzed to product of two complex numbers, each has the form of a + bi :

x? + yt=xt — it = (x - yi)(x + ¥i)

Analyze both numbers 10, 53 into product of two complex numbers in the form of a + bi

where a. b are rational numbers.

0=1+9 10=9+1
=1 -9i? =9~
=(1=3i)(1+3i) or =(3-i)3+1i)
53=4+49 55=49+ 4
=4 — 49 = 40 - 4i°
=(2-TiH2+T7) or =(7 - 2i7 + 2i)

20
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Exercises (1-1)

1. Put the following complex numbers in standard form :

P ik, PR Pl Yhew, @AY +{12+2)

(10 + 30 + 6i) , {1+ —(1-i)*, 12+i 3+4i

i 3-di
3
L {ﬂ] I LN O
2+3i L+ -1 44 |

2. Find the value of each x, y that satisfies the following equations :
1) y+3=(Ix+i)x+ )

0 Bi=(x 2Ny 20+ 1

¢) [u]ﬂ‘,x +yiy=(1+2i)

| +1

3. Prove that the following :

1 I 8
M) _i

2-if @+ 25

- :!—if +|[|+i‘]|i _ 3
141 -1

) (L=i)1=i2Q1 -} =14

4. Analyze each of numbers 29, 125, 41, 85 to product of two complex numbers in

the form of a+ bi where a, b are rational numbers.

5. Find value of real x, y if, i 3:-+-l are conjugated.

*

x+vi 2-i

21
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( (1 -—4) Square roots of complex number J

You have learned that if (a) is a real positive number, there are two real numbers, which are
£fa , both satisfy the equation x% = a and it is called 40 . the two square roots of the number
(a). Butif a =0, it has only one root which is 0. Now we will study square roots of the complex

number :

Example 14

Find the square roots of ¢ =8 + 6i

solution

Let the square root of ¢ be x + yi

(x4 yiY=B4+6i
= x1+2xyi+i:yz=ﬁ+ﬁi
= (x% - y%)+ 2xyi =8+ 6i

g T WSS | |
3 The two complex numbers are equal .
2ay=06 =y= ;{2}

Then substitute equation 2 in 1 :
2
x* - [1) =8§
X

X' ——=4 Multiplying product of two sides by x* =0 :

=5 :4-3:-:1 -9 =0
= (x2 -9)x’ +1)=0

= x=+3or (x*=-1) is neglected because x& R

22
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Then we substitute in equation 2 the value of x , we have :

3

5’=E

ymt]

e =3+i, e =-3-i

. roots of number (¢) are 3+, -3 -1

Find square roots for : 25, -17, i, 8i

a) Let gf=_3%

e = +-25 = £ 25§ o 5]

b} Let gl=_17

Cc= +4y—17 = i'u'lﬁll

) Let (x4 vi)is the square reot for —i
oAy = = ¥+ Dyt i =01
LB R | PR |
-1

= gy s (2)

Then we substitute from equation (2) by equation (1) we have :

|
x> ——1=ﬂ =
4w

23
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By multiplying both sides by, 4x® 20 we have :

4xt-1=0
(2x2—1) (2x2+1) =0

. ]
Either x* = _E (it is neglected because x  R)

| ; . :
Or x =in by substituting x value in equation (2), we have :
W

. Square roots of —i are : j;[L_—LJ_iJ
Wi W2

di  Let x-+yi isthe square root for 81
(a4t yir =8 = 2+ 2xyi—y?=0+48i
&L — Y= B annsinsss (1)

2xy =18

L ¥ .
: N 5 PETTINE Tl £a L |

By substitute equation (2) in equation (1) we have :

: 18
X" =—=0
B

Multiplying both sides by, x* = 0 produces :
xt-16=0 = (Z-HxZ+H=0 =
Either x* = -4 (neglected because x & R)

Or x?=4 = x=zx2
24
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By substitute x value in equation (2) we have :

:. Square rools of 8 are = (1 + 2I)

(1 =35) Solution of Quadratic Equation in C ]

You have learned in intermediate stage that for the cquation ax® + bx + ¢ =0 (wherchy a = 0

and a. b, ¢ & R) have two solutions in the Quadratic formula

b+ b - 4ac

28

You know that if the discriminant value b*—4ac is negative, there is no real solution for the

equation.But _ there arc two solutions in the complex numbers set.

Solve the equation ¥+ dx+8=0 In the set of complex numbers

solution

According to the quadratic formula :

Lo bi b* -dac -4+ 16-(1)(1)S)
21 A1)

_ 41416-20 44

2 s

-4+ X

==11i

i.e. the equation has two roots =2 +1i,-2-1
The solution setis { -2 +1i,-2-i }
25



Using the gquadratic formula ,we see that hoth roots of the guadratic equation
ax® + bx + ¢ = 0 whose coefficicents are redl are :
_—b-v/b* —dac “—h+w.|'lb!—4:::

f= 2a $ 28

Addition of roots is 1 x; + %, = =
a

Produet of roots is ¢ X% =

w o

These properties can be useful, as follows :

First: If x#vi,y#20 . was one of the roots of the equation, axi+bx+ec=0, a#l

a.b. ¢ & R, then, x—yi is the other root.

Second ; Division of both sides of cquation, ax’+bx+c=0 by a#0, wehave:

b c e
x4 —x+—=0 whichis:
a a

r x? — (the sum of two roots) x+ product of two roots =0 J

26
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[ Example 17

Find the guadratic equation whose roots are £ (2 + 1i).

Solution

Sum of two roots : +2A)+{=2-) = (2-2)+(2-2)i=0
Product of two roots : (2 + 2i-2 - 2i) = —(2 + 2i)?
= {4 + Bi + 4i%)

- _8i

. The quadratic equation is : x> - 0x + [-8i)=0

= xl-Bi=0

4

= x*=8§i

[ Example 18

Find the quadratic equation whose coefficients are real and one of its roots is 3 —4i

[ Solution 4

The coefficients are real and one of the rootis 3 - 4i
The other conjugate root is 3 + 4

Sum of two roofs = 6

Product of two roets = 25

The equation is ¢ x* - 6x + 25 =0

27
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Exercises (1-2)

Solve the following quadratic equations and show which has conjugate roois?

a) g2 =—12 bl z2=3z+3+i=0
c) 222 - 52+ 13=0 d) 22+ 224 1(2-1)=0
422 +25=10 N el-2zi+3=0

Find the quadratic equation whose roots are m, L. where :
glm=1+21, L=1-1
3-i

- L=(3-2i)2
1+1

him=

Evaluate the square roots for the following complex numbers :

a) —Hi by 7+ 244 ¢) 1—\Ei

What is quadratic equation of a real coefficients and one of its roots is :

J2 430

4

) i b} 5—1 )

If 3+1 was one root for equation x I_ax+(5+5i)=0, then what is the value of

a & C 7 and what is the other root?

28
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(1 —6) Cubic Roots of one Integer

Let =1 ,then: - 1=0 = (z-NE+z+1)=0
Eithéer = z-I=} = z= |
Or = +z+1=0

To solve the equation 2+ 2 + 1 =0 we use the {Quadratic formula) :

,oht Wb —dac -1+ J1-4(1)1)

%8 21)
L3 e O
S TR T

e, the cubic roots for positive mteger | are :

o EIU

bi =ty =1

& 2

Square of any of the imaginary roots equals the other imaginary root when conjugated (check it!).
If one imaginary root is o (Omesn ), then the other root is @'  Therefore, the cubic roots of

integer | 15 written as

_ Lo,o?

'

These roots satisty the following properties :

I} l+e+a’=0

2] = |

From property 1, we get the following :

l}  o+twei=-I 2] 1+ o=-w 1) 1+ wf=-w

4y ws=]=a 5] of ==]l=m 6 1 =—w - w

From property 2, we get the following -

o' =, o=1.0=0

29



Keeping in this pattern, () powers for integer are one of these :

T

These values are repeated the as the exponents increase by (3) consecutively :

Wt =@’ Where n ison integer, r=20, 1, 2

Evaluate : o' , &% , o ®
w0?? = 10 _ 0 |
o =g =gl=p
@3 = @2 — ) @l @l

_ie. Division remainder of (@) exponent by (3) is the new exponent of o J

30
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[ Example 20

Prove that :

Al ® +wm +1=0

bl (5+3o+3nd) =42+ e+ 2of)=4

Solution

a) IHS=w"+o’+ =0 o+o', o'+ 1

=m+a‘+]l=0=RKHS
{According to property 1)

h) the fistamount = (5+ 3o+ 3’)? =[5 + 3w + wl))?

=[5-3P=(2=4

Also
the second amount = —4(2 + @ + 2w?) = 421 + 0) + o]
= —4[-2w + w]* = 4[-o]?
=—4{~-1)=4
o (543wt i) =-42+0+ 20 =4

Example 21

Find the quadratic equation whose roots are :

a) l-iw*, l-ie

b +
) l-@  ]-@

31
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a)

Sum of two roots
(1 —iew?) + (1 — i)
=2-ile’ + o)

=2+i

Product of two roots

(1 — i) (1 — i)

=1 —iw— i+ o

=1 — (o + @?)-1)1)

=1

.. the equation is; x2—(2+ix+i=0

b)

Sum of two roots

2 .2 _2-20+42-20

2

-0 J-0* l-t*-o+o

42w+ w?)

2 (w0 +c’)

.. the equation is : %% - 2x =

&
3

3

=0

32

Product of two roots

2 2 4
(1-w) (1 —w?) (1-a)(1-a?)

4 4

1- 02— +od I—wi—m +1

4 4 4

~(etrw)  2-(-1) 3



Exercises (1-3)

1. Simplify the following expressions @

a) o h) w325

' araB)? d) (1 + o?y? o) @ new

2, Find the quadratic equation whose roots are :

LEN] 1]
) 1+, 1+m hi 3 -
2 — -0
3 3w
o} _1 + o
LN 1
1 3.1"} 3 11
3. I z2+z+ 1 =0 then evaluate = .].+ I!
1-32" -3z
4. prove that :
[ 1 )=_l 5 ot 10" —1 2
240 2402 3 w?+0’-1 3

[1—5 ][1+m—i]=13 d) l+w?y +(l+wo)==2
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(1-7) Geometrical Representation of Complex Number J

If E? or R? represents the orthogonal axes Euclidean plane. By corresponding ¢ach complex number
x +yi where x, v € R, at the point (x, ¥) in E2, we zet a corresponding application from E to R
In this plane, we will geometrically represent some of the simple algebraic operation in addition

and subtraction on E, which grometrically correspond to operations in E? or R,

In this section, we will address representation of some ¥
operations on geometrically complex numbers, whose

Pix. ¥l
shapes will be called Argand shapes (according to the

scientist J. R. Argand, 1768-1822, the plane is named

Imoginary axis
]

after the wellknow German scientist €. F. Gauss, B
1777-1855 (Gauss plane) or for short, a complex plane. o Real als Y
Figure (1 -1}

The x-axis is called the real axis where it represents the real part of the complex number, as for
the y-axis, it is called the imaginary axis, which represents the imaginary part of the complex
number. Consequently, the complex number x + yi, is geometrically represented by (x, y), see fig.
(1-1)

If 2, =x;+¥i ., z,=x,t¥i were two complex numbers represented by points P(x, s ¥
Py(xy 4 ¥a) then : 2, + 2, = (x; + x,) + (¥; + ¥3)i.

Also, z;+ 2, can be represented by Py(x, + x5, ¥ + ¥,) using information related to the vectors as

in fig. (1-2)
i.e. Dp, + Op,=0p,

The complex number x + vi can be represented by L)
vector ﬁ:, 50, the sum of two complex numbers 1s the sum Pfe o5
of two vectors, o
.:III:
-"'lli’ll;-ell
n | :
Figure {(1-2)
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Considering F‘_2 represent the complex number —#,, then Fz is the result of H-P: rotation on 0 by
half-round this : z, - 2, = 2, + (-Z,)

This is cuopled whit point Py whereby OF, PP, is a similar to a parallelogram O0F, P,P, as in
fig. (1-3)
ie. OP,=P,P, =0P,—0P,

Py

. Let k bea non-zero real number. ¥ is a complex number, the point represented by kz can
be obtained by dilation at center 0 and K is constant coefficient.

1. Each complex number z, the point iz can be obtained from anti-clockwise quadrant period.

Represent the following operations geometrically vsing Argand shape ¢

a) (3+4i)+ (3 +20) hi 16— 2i)—(2 - 5i)
a)  (3+4D)+(5+2)=8+6i =P,8.6) ¥

7. =3+ 4 = pI{E.d} | Pai i,

1 [ SRS e W

= T

Z=3+1i P13+ 3) PiFg — s

e e L e PriZye

Note that : 0P| + OP, = OP, is similar to sum of vectors - = ; .
5 bt

and 0P PP, is a parallelogram with diagonal . [TP3
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(6 - 2i) - (2 - 5i)=(6-20)+ (-2 + 5i) =4 +3i
z;=6-2i = Piz;)=P|6-2)
2y=-1+% 51 = Fﬂlz}:‘Pl{—l 3)

Fyfzad = Pyl-2, 5

u
Py = Py, -2)
Figure 1 =%

2,=4431 = Pyz)=Py4.3)

~ Exercises (1-4)

Write the additive inverse for the following numbers then represent these numbers
and their addivite inverse as Argand shape.

Z=2+31 , H=-1+ , n=1-i , z=i

Write the conjugate number for each of the following then represent them along with
conjugate as Argand shape :
z=5+3 |, =-3+2% , z,=1-i , g,=-2i

If z=4+ 21 then, explain the following in the form of Argand shape.

£ L, —&

If £, =4=2i,z,=1+2i then, explain the following in the form of Argand shape each
of :
—3z,,22, 2, ~2;, 7 + 1,
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(1—8) Polar form of Complex Number )

In the previous sections, we studied the complex number in algebraic form z = x + vi  and
Cartesian form z =[x, y), in this section; we will study another form of the complex number, which

is called polar form and transform one to another,

If we have the complex number z = x + vi represented by Pix, v). as in fig. (1 — &), then (r, )

ar¢ the polar coordinates of the point P, where 0 represents pole and Ox represents the initial

side, this means:
B=m £ (xOp) and r=| Op|

The measure of 8 from Ox to 1]_[.; is anti clockwise if the measure was positive and clockwise
if the measure was negative, thus :
Riz)=x = rcosl ...... (1}
I{z) =y = rzind ...... (2)

Where Riz) is the real part of the complex number 2 ¥
while I{z) is the imaginary part of the complex number
r is called (Modulus of complex number). z.

It 15 a non-negative real number and read as “mod 2" or

Imaginary axis
=

z Modulusis  [[z]| whereby: g

=
=

L
=2 e 1 1
r=|iz]| = yx"+¥" . :
Figure (1-#

From both relations (1) and (2), we get :

X X
COogl = — = ——
r |zl

- Y ¥
sinf= — = ——
r |z

As for 8, its measure is called (argument of complex number), written 8 = arg(z) for short.
37



® can have infinite number of values, which differ from each other for an integer of rounds.

If ® is argument of a complex number, then both 8 + 2nx, where n is an integer which becomes

an argument 0o for the same complex number.

Asfor B & [0, 2x) signalof complex number arpument, it is called the principle value of the

complex number.

If z=1+ 3, then find the Modulus and the principle value of Z argument,

mod 2= [g]| = Y& +¥ =143 =2

X |
cosB= ——=—
=] 2
; y 3 :
sinfl = m il We conclude that 8 in the first quadrant
=
arg(z) = 3

Example 24

If 2=-1—1, then find the Modulus and the principle value of Z argument.

Solution

mod 2= ||z = i+l = 42
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x -l

cosh = Hf:&"

; ¥ -1 . :
sinB = ——= We conclude that 8 in the third guadrant
Izl ~ 2 Ea

st
4

. arglz)=m 5

Argument of complex number z = 0 15 unknown becaunse the zero vector has no direction.

(B

Modulus and the principle value of the complex number argument can be used to write the
complex number z=x+ yi in another form called the polar form, as follows :

X =r.cost , v = r.sinf

. 2= rcosh + i rsinb = r{cosd + i sinfd)

or z= ||2|[(cos(argz) + i sinfargz))

Where r=mod z = ||z|| . 8 = arg{z} is the argument for complex number 2.

Example 25

Express each of the following numbers in polar form :

a)  —2+2i by  243-2
al r=—2+1
modz = ||zl = J4+4=2,2
= [

cosf = 2
39
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. 2 1 _
ginfl = ol - 3 B in the second quadrant
arg[z}=11:—n:—=%-

The polar form of the complex number z is :

Z = r{cosB + i sind)

e Y
:—HE(WE4 1m141|

b) z=123 -2
modz=12+4=.16 =4

243 _\3

cost = 4 5

e |
sinfl = e = i) & in the fourth quadrant

n
3 — — .
arg(z) = 2n =5

The polar form of the complex number :

z=4{cus”_“ + 1 sin”_“]
6 G

Example 26

Express each of the following numbers in polar form ¢

a) 1 b) i e) -1 d) i

40



solution

{

! |
I.r i :
l 4
s by ) |
(0, 1) |
(1.0 i & i
T et -~ e w3
Piz b= 1, 01 =1 + 0 Fizs) = i, 1) =0+ | |
mod 7, = | mod 2, = | |

arg z, =0 n

s =
i o ® = |{easd+ i sinn) ;,-um—ti--l-mlg—} .
| !
|
| i
| !
i F:
i |
= il ;
., o 1
o | 1N |
o - .II\ ~ - ,
Py (=1, = =] & 0 g PlEg = [ =L}= =1 :
mnd 2, = | B mog 2= 1 H
=R 3z .
. e |
= |
o Zy= |ivoss * i sinm) :,I_-I[MEHEIEE-'*:
I ¥ 3 |
! |

Figure (1-T
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Using the previous example, we conclude :
I = {cos + 1 sin0)
-1 = {cosm + 1 sinm)

: : S
1= {cos— +isnT)

2 s
1= 3—1:.-4."]_1:
=1 = [CO8 > I 50 1}

Applying the previous conclusion, we can compute :
3=3x1|=3cosl + i sinD)

=2 = 2 % (=1)=2cosr + i sinn)

R .o
El—SxJ—ﬁ{cnsz 15in 3 )

Ti=17 )= 7 z—ﬂ 3_“
=1 = X (=1 tmr.z +|5|n2:|

( (1-9) De Moivre’s Theorem

Z;, 7, ¢an be writlen as z, = cosB + i sind, z, = cost + i sind
Now we will find 2.z, in polar form
Z, % %, = (cosb + i sinB){cos® + | sin®)
= cosB.cost + icosB.sind + i sinB.cost + i sind.sind
= [cosB.cosd — sinb_sind] + i [cosB.sind + sinf.cosd)
= ¢os{l + 9) +i sin{0 + )

If (#=8), then the relation (cos + i sind)* = cos28 + i sin20

It cam be proved as follows :
LHS = (cosf + i sinB) = (cos®@ + 2i sinBeosd — sin?)
= (cos 8 — sin®@) + i( 2sinB.cosh)

= pos20 + 1 sin28 = RHS
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D¢ Moivre gencralized this relation and called De Moivre’s Theorem

De Moivre's Theorem

Forevery @  [0,2r) . n e N, then

(cos® + i sinB)" = cos nd + | sin n@

Proof (Tor information only)
We will proof this theorem by method of mathematical induction, as follows :
1.  Let n=1, then the relation is :
{cosB + i sinf)' = cos 10 + isin 10 which is a true statement.
2. Suppose k=1 and assume the relation is troe for each n=k
ie. (cosB + isinB)¥ = cos kb + | sin k@ is hypothetically correct.
3. We must prove that the relation is true when n=k+ 1
- {eos0 + i sin®)E = (cosO + 1 gind)! (cosh + i sinf)k
= {cosl + 1 sinflWcos kO + 1 sin k)
= ¢os (B + kb)+ 1sin(B + ki)
= ¢os(k + 100 + i sin(k + 1)8
Thus, if the relation is true at n, thatis : n=k, k=1, it is also tree at m = k + 1. This theorem

is considered true for all n values by using mathematical induction method.

Compute ; :ms%n A iﬂin% )

In in

3 | o . :
caE—R+isi—AN = cos— +igin— =0k+i1{-1)=2
{ 3 3 ¥ - 5 1)

Show that for each n € N, 8 € [0, 2®) , then :
{cozh - i sin0)" = cos nb — i sin n0
43
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LHS = {cosl - i 5in@)" = [cosh + (=i sind)}]"
= [cosB + i sin(-B)]"
= [cos(—8) + 1 sin(—6)]"
By making, ¢ =-06 the relation becomes :
= [cost + | sin#]"
= cos nd + i sin nd
= cos(—nB] + i sin{—nB)
= gosnll — 1 sin nd RHS

QED corollary

Corollar of De Moivre's Theorem :

Forevery B & [0.2n) .me Z', then

L}
ﬂ:r"lcmﬂihkﬁsin'}*iﬂ] k=0,1,2,..,n-]
n n

Example 29

Compute by using De Moivre's Theorem :

“ + i'.ll

solution

zm ]+

mod 2 st 1 inf 1 = :

== = = =7 R o
=42 ,c0 75 e = agz=
L= -.'El_nuﬁ—d + 1 s'm—&}

(14 it 44’5}”(%% -l-igEnE],ll
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1] 11
= In 1 - b In
=22 {gpg—— +1BNn—)}= 22 (coB— + igin—
{ p 3 ) { 3 41

|

0
22 (~5 +i )= PVE (-5 +i ) =P+ = 321 +)

I (cosB + i sinf) ! = [cos(—0) + i sin(—B)] = (cosB — 1 sind) I

This relation can be generalized as follows :

| (cosd + i sinB) ™" = cos nd — i sin nd |

Solve the equation x* +1=0 , x&€C

Solution

+1=0= x'=-
X = gosm + i sinn

I
. %= (cosx + i sinx)

%+ 2kn Vbt nm+2kn

K= C00E il

Where k=10,1, 2 because it is a cubic root.

; %L =1 B
Putting k=10 . x,=cos -i+|5m = = By
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Putting k=1, x,=cosn+ i1sink = x,==1 +i1({0)=~I

I 3

Putting k=2 11=cﬂ:¢5—“ +i1-‘.qu = Ry = ==
3 3 2 2

Thus, equation solution set is :

Example 31

Find the polar form for :

2
(3 +i)*
Then find fire roots for it .

Solution

Let z=v"§ + 1, is put in the polar form ;

2| = ¥341 =2
1
cos =£ , 5inf = —
7 2

3 T
8=— arg(z) = —

6 relz) .
z=1{cm%+isin%} = EE:EE{EDF-'%*iEiH-:-;—]:
zz=4(:us£ +1 sinl;-}

1 1 & L 4 2kn i 2kn
(2%)* 24511:4]55 +f5iﬂ"j‘]5 = ¥4| cos 3 +1i sin
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Whereby k=0,1,2 3, 4 because it is a fifth root.

L I
k=T 2= wj'd_{msﬁﬂsmﬁ]

e Y | TR
k=l-21=54m5—1—+|sm-1]

|3 15
k=2‘33=z'q-w5]|3—:+i5inll3—;
- - %'E-msm—ﬂﬁsinﬂ
B3 2™ V| Mt 15

[ .3
k=4, z2;~ o4 cﬂs"l—'r;nwiﬁinﬂ} - ﬂ[ws%ﬂ;in?}

15
Exercises (1-5)

I.  Evaluate the following :

.[5..5]‘ I.[?..?"

il |cos—m+158N—10 W | cos—m+ 18I0 —T

24 24 12 12

1. Evaluate by using De Moivre’s Theorem :

a) (1-1)7 by (V3 +i)

1. Simplify the following :
A {cos 26 + i sin20)°

(00530 + 1 5in 307 b (cos® + i sin@)*{cosd — i sind)?
O30 + 150

4. Find the square roots the complex number —I + J3i using corollary of
D¢ Meivre's Theorem, then the method described in section 1 -4

5. Using corollary of De Moivre’s Theorem, find the cubic roots for the number 27i.
6.  Find the four roots for the number(-16) using corollary of De Moivre's Theorem.

7. Find the six roots for the number({ -64i ) using corollary of De Moivre’s Theorem.
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Chapter 2: Comc Section

2

(L]

L]

W

La]

=]

(B

Conic Section

Parabala

Translation of the Axes for pl.l::.ﬂmln
Ellipse
Translation of the Axes for I‘]]ip!«if_‘

Hyperbola

Translation of the Axes for Hyperbola

lerminolozy

Term Symbaol or Mathematical Relation
Facus hefore Translation F
Constant number 2a
Emmtﬁ-:iry e
Focus after Translation P
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2 -1 Conic Sections

In this section we give geometric definitions of parabolas, ellipses, and hyperbols and derive their
standard equations. They are called conic sections. because its consist from intersecting a right circu-

lar cone. with a plane as shown in Figure 2 - 1

Ellipse parabola

Figure 2 - 1

Hyperbol

49



2 -2 Parabola

Definition ; A parabola is the sct of points Mix, y) in a plane that are equidistant from a given

{fixed) point Fip, 07 and fixed line E in the plane.

The fixed point is called the focus of the parabola and the fixed line is called the directrix.
Generally, the focus is shown by the letter “p" such that p = .

In the given figure (2 -2

MF=MQ0 ... {from definition)

The point “0" is called vertex of the parabola and the
line which pass through the focus and perpendicular to

the directrix pass through it is called axis of parabola.

[:H.F :I'] S

direeirix

{Figiire 2 - 2)

i
Fip, 0f

In the coordinate plane, by using definition of parabola

we can find the equation of parabola a3 follow,

4
Let Fip, 0} be focus of the parabola and the line D is

the directrix of the parabola, Q{-p, ¥) is a point on the
PR T
directrix such that MO L D and the paint M(x, v} is

any point on the parabola whose vertex 15 2t origin.

50
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According to figure 2 -3 A from the definition of parabola.

MF = MQ
o= py +y=0)7 =/lx+p)’ +(y—yy
Jxa ~2px+pi+yl = ,.Ir:-L1 F AP p* i (squaring both sides)

x* -2px + |J|1 +¥i=xT +2px + pz eevensees (Simplifying )

r yl=dpx, ¥p>0 |......... the equation of parabola,

=

X =—] J the equation of directrix.

N

IT‘.I:le formulas above belong to the parabola whose focus is on the positive x-axis.

% [_Checl: Yourself

Try to find equation of parabola whose focus is on the

negative x-axis by using definition of parabola in the

Figure 2 - 3B. Qi )

(Figure 2 - 3) B
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Find the focus and equation of directrix of parabola y* = —8x .

}rt =-8x
comparing two equations.
y* =—4px

=-4dp=-8 = 4p=8 = p=2=>0
S0, p=12
F{—p. 0)=F(-2, ) ...... focus of parabola.

T=p , x=2 ... cquation of directnx,

Find the equation of paraboela knowing that,
a)  Its focus (3, 0) and vertex at the origin.
) The equation of directrix 2x - 6=10 and vertex is at the origin.

Solution

a)  Since(p,0)=(3,0) = p=13

Ve = dpX e . [Since focus is on the positive X-axis)
=v=4) Hx=12x
= ¥* = 12 .......... (equation of parabola)

by from the equation of direcirix

2x-0=0 = 2x=06 = x=13

p=3
¥ =—4pK e {why?)
=43 x =y =—12x ... {equation of parabola)
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Example 3

Find the focus and equation of directrix of parabola ¥° = 4x then sketch it

Solution

y* = dpx . .
comparing two equations,

y2 =4dx

=d4p=4 = p=1

Focus Fip, 0)=F(l, 03, x = -1 ...... equation of directrix
yi=4x =y =12/x

In order to sketch the graph of parabola we can substitute

few points.

=k

‘],2}

1, =2}

1==|
iFigure 2 - 5)




1 -
=dpx , ¥ p>0.... equation of pamabola
=R o } if the focus is on the positive x —axis

X ==p .... equation of directrix Fip. 0)

y' =—d4px , ¥ p>0....equation of parabola

il the focus is on the negative x —axis
X =p ... equation of directrix

Fi—p, 0)

By using definition of parabola find the equation of parabela whese focus is F(+/3, 0) and

vertex is at the origin.

solution

Since F(+/3, 0) = F(p, 0)
p=-.E and equation of directrix 1s x=-p = x =—43
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Let Mix, ¥) be any point on the parabola and ﬂ[—q"i, v} is a point on the directrix {E] guch that
MO L D

From the definition of parabola

MF = MQ)

Jo= B (=07 =5+ VAP + (¥ =3) v (squaning both sides)
(x—43)7 + ¥ =(x+45)

X2 -2k +3+y  =x  + 23%+3 ... (simplifying)

v'=443x . equation of parabola.

=i

Q-3 ¥

A =—1r3_
(Figure 2 -6}

E--_"‘—E The equation of parabola whose focus is on the v—axis and vertex at the origin

In the coordinate plane, by using definition of parabola we can form the equation of parabola as
follow;

Let FiD, p) be foeus of the parabola and the line D is the directrix of the parabala, Q(x, —p) is a
i (5]
point on the directrix such that MQ LD and the point M{x, v} is any point on the parabola whose
vertex is at origin. [n the figure 2 -7 -A

According to figure 2 -7 - A from the definition of parabola.
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MF = MQ

=02 +(y=p)* =y (x=X)* 4+ (¥ + P)* -.ooo. (Squaring both sides)
x* +{y-p)* =(y+p)*

x2 + ),J -2py + ]:ln1 = :|.rz +2py + |:|z .......... {simplifying)

| x=dpy,¥p>0 |.......the equation of parabola.

l v el ] the equation of directrix.

i) Y () ¥

F(D, p)

T
b

s £l
1‘\. D -.......T. .......... P T P :l'-'F
[
'

0 : F'" i i
i KL )
ir .

*» 0, —p}

(Figune 2 - T)

AQVA\’( [ Check Yourself

Try to form equation of parabola whose focus is on the negative y—axis by using definition of
parabola in the figure 2 -7 - B.

2 &
x"=4py, ¥ p=>0... equation of parabola
LAt e }[I‘lhefncusism the positive y - axis

¥ =—p.... equation of directrix Fi0.p)
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x* = —dpy . ¥ p=0 ... equation of parahala
Lo L » if the focus is on the negative v - axis

F(0,-p)

¥ =P ... equation ol direcirix

i | 100 | s | s oo

Example 3

Find focus and the equation of directrix of parabola 3x% - 24y =0

Solution

3xf - 24y =0 .......... dividing both sides by 3.

= x_By=0

=’ =8y
comparing two equations
%’ =4py
dp=8B = p=2>0
F(0, p} = F(0, 2}

F s —P :h' :'I' - _-2 CEE LR ﬂ:lﬂ ﬂqﬂﬂﬁﬂ'ﬂ ﬂf dlﬂ‘ﬂ-"ﬂ‘tl’ix-
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Find the equation of parabala knowing that,
u)  the focus F(O, 5) and vertex is at the origin
bl the eguation of directrix v = 7 and vertex is at the origin,

a)  F(O, p) = F{0, 5)

=3 p=5
=dpy ...... (Since focus 15 on the positive y-axis)
x*=(4) 5y
%t =00y {the equation of parabola)
by Since y=7 ... the equation of directrix.
. p=T
X = —dpy e Since focus 15 on the negative y—axis)
x =4 Ty

x* ==J8y .....(the equation of parabola)

Find the equation of parabola which passes through the points (2, 4) and (2, —4) and vertex
is at the origin.

Solution

Since the points {2, 41 . (2, —4) are symmetric with respect to x-axis. So, the equation is
v =dpx, ¥p=10
We substitute one of the given points which satisfies the equation of parabola ¥° = 4px
for the point {2, 4)
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#=(4)p(2)
lo=8p = p=12

We substitute p=2 in standard equation y* = dpx

¥ =(4)(2)x
o yE=8x ... theequation of parabola,

Find the equation of parabola whose vertex is at the origin and the directrix of parabola
passes through the point (3, =5).

Solution

There are two possible cases for the parabola,

" case (focus belongs o x-axis) U™ case (focus belongs (o y-axis)
x =3 ... the equation of directrix. y=-=5 ... the equation of directrix.
p=3 p=3
¥ = -4px x? = dpy
2= (4){(Dx ¢ = (4)(5)y
¥ =—12x x* = 20y

0 3 e

~ y =5 (P ease)

1= 3 (19 case)
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2-3 Translation of the axes for Parabola

E—j—l General Equation of The Parabola Whose vertex is at Point (h.Kk)

In the previous section, we defined two equation of parabola which are

.' [s the equation parabola whose focus is on the x-axis and vertex is at the origin. (0, 0)

.' Is the equation parabola whose focus is on the y-axis and vertex is at the origin. (0, 0)

If the vertex is at point OCh, k) then the standard general equations of parabola will be

.' Is the equation of parabola whose vertex is at the point li_l{h, k) and its axis is parallel to

x=axis in the Figure 2 - 5,

» "
(A) . ¥ i A
] I
[ L
i i
| i
]
i
Before | : After
1 FEl
i, @) Fip. . ! (b, k) F{Q, kb -
0 " N i - i
|
II (
T -4
| :!h'
L |
i
[ 1
h..
x x=p h
i{Figure 2 - #)
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We can conclude the changes of parabola after it is translated.

— i

[n the equations (3] and (4) p is the distance between the vertex O and focus F which is equal to the
distance between vertex and equation of directrix such that p = | = h|.

IT the focus of parabola is on the negative x-axis, asin figure 2 - 9 the equations will be as follows,

=|
-

[{Frigure 2~ W)

In the section 2 = 3 (Translation axes) we are going to finding focus and vertex of parabola and
equation of directrix, equation of axis of parabola.
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Example 9

In the given parabola (v + 1)® = 4(x — 2) find the vertex, focus, equation of axis and
directrix of parabola.

Solution

(y-k) =dp(x -h)
comparing two equations
(y+1)* =4(x-2) Y
= h=2 ., k=-1
}
the vertex (h, k) = {2, -1) |
i
Since 4p=4 = p=| :
Hp+h k) =F(l +2,-1) =F(3, -1) ....... focus ! -
0 !
!
y=k R e S
=TI C— . the equation of axis. :
I
a=pth = x=-1+2 i
&=

%=1 siviissicie the equation of directrix.

. 15 the equation of parabola whose verex 15 (h, k) and s axis 1s parallel 10 y-nx5 in the
Figure 2-10.

¥ J
Fopinooiotdeoun ymp —cve ik
Equation of axis of parabola  x=h
the eqguation of parahala i k)
— E.'- — i
| (=B = 4piy - §) | —

{Figure® — 10
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If the focus of parabola is on the negative y-axis, the equations will be as follow,

S

b, b

=y=kap

{Figume 2

Discuss the parabola v = x° ~ 4x

Solution

We add 4 to both sides 1o make right side complete {perfect)
square
ytd=xl+dx+4=(x+2)

(x+2) =y+4
COMparing two cquations
(x =h) =d4ply-k)
= h==1 k=
the vertex is (h, Kk} ={-2, -4} = 4p=1] :.‘rp=%

==

* Fib. k- p)

el

i _ 1 =
F(h,p + k) =F(-2. il -=F-2, -3 % ) ... fCUS

1 i
y=k-p =.53'=--4—I = }I=—4i.-_..aqualiunnfdirmn'ix-

x=-2 ... equation of axis of parabola

63




Exercises (2-1)

| 1 Find the equation of parabola in each of the following , then sketch the graph of each of them:
) Focus (5.0) and vertex 15 at ongin .

bt Focus (0,-4) and vertex 15 at ongin .
¢) Facus {0, J/2 ) and vertex is at orlgin
i+ Equation of directrix of the parabola is 4y-3=0 and vertex is at origin

2 In the followings | find focus, vertex equation of axes directrix of parabola:
K =dy ch ¥ =—4(x-2) ey +4y+2x = —6
b} 2x+16y =D dj {x=1Y =8ly-1) 18+ 6x—y=0

21 Find equation of parabola which passes through the points ( 2, -5 ). (-2 -5 ). and vertex 15 at origin .

4) If directnx of parabola passes through the point (-3 4) and vertex is at origin |, then find its
equation when its focus belongs to one of the axes.

5) A parabola whose equation Ax'+8y=0 passes through the point (1 2}, find value of A then find focus,
directrix and draw the parabola.

&) By using the definition. Find the equation of parabola in each of the followings:
i) Focus (7,0) and vertex is at origin ,
i1 Equation ufdire-:n‘ixr-ﬁr and vertex 15 at orgin.
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2—-4 ELLIPSE

Definition (2-4)

An ellipse is the set of points in a plane such that the sum of the disiances from two fixed

points (i.¢. two foci) in the planc is a constant number , 2a.

The foci of ellipse are  F {c, 0), F,(-¢,0) and the 3
constant number 15 2a. a>0, ¢ =0
The midpeint of the segment between the foci is called
center of ellipse and the line which passes through the foci

is called focal axis, the points where this line intersects

the ellipse are called vertices of cllipse. The axis which
contains the foci of ellipse is called major axis and its
length is 2a such that also its equal to the sum of the
distance between any point of ellipse P(x, y) and foci

(Figure 2 - 131
of ellipse is sidhe

[ PR+PR=28 |

The other (small segment ) axis is called minor axis and its length is 2b such that b > 0 and
the end points of minor axis is called “co-vertex™ ol ellipse.

co=weeries [, |1-:| Px, v}




( 2—4-2 The Equation of Ellipse Whose Foci are on x—axis and Center at the origin

From Figure 2 - 14

PFL - ]3']5'2 =2a ....... definition of ellipse

—> J[x—u}z+[}r—ﬂ}! +1,fl[x+4:.): +{y-0) =2a

= Jx—cf +y? +fx+cf +3° = 2

= Jix—cf +y? =2a-J(x+cf +y? ... squaring both sides
> (-0 +y = 4a —daf(xr of +y +(x 0 +y°

—1 I.z—zcu-rci +_',r! :--iaT —--=1~a,-,rl|:::+¢.:"|2+_'|.r2 +1r.2+zn:.'-:+1.:1+].|1
= 4&m=4&1+4ﬂl wo dividing both sides by 4
=y am . .. squaring hoth sides

afx? + 2ex + ¢t + ¥ =a* + 2afex + clx?

alx? + 2a%cx + alc? + aly? = g + 2afex + cix? - Simplifying

alx? - ¢ + o2 —at - ale?

[ x?(a® - cf) + aly? = a'(a? - ) ] waens 1)
5 e
:md[ e =b+c ]ismain formula for ellipse by suhm'tutig[_ =t | (2)in (1)

xb? +alvi =a®? ... by dividing both sides by a’b?

e F a%y? Al i £+£=
258 222 alht a b oo standard equation of ellipse.,

The value ¢=— is called eccentricity of ellipse and its always less than 1, e =2 <
A A
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( 2-4-3 The Equation of Ellipse Whose Foci are on y-axis and Center at the origin

In the Figure 2 - 15

By using same sicps of the cquation of cllipse whose ¥

V(i )

foci are on x-axis and center is at the origin and by

s F .10,
using definition of ellipse we get the equation, R
2 2 i, 0 b 0
3‘—.4-1—:1 such that; foci are on y-axis and T, 0 .
b a?
center 15 at the origin. LF.{0, ¢
W ik, —a)
{Figiee 7=15 )
[ Summary
An cllipge whose toc are on x-axts An cllipse whose foc) are on y-axis
and center ik at the arigin and center & al the origin
i 2 2 1
X ¥ . X ¥ :
Iy —+<==1 ..(theequation —+===1 .. (the eguation)
= e 4 ) S (the eq
2) Fife,0),Fy(—¢,0) ... (foei) F (0, e}, Folll, <) ... (foci)
1) "i.-’l{a, 0y, "H'z[—a, 0] ... {verlices) 1l."I[IfIT aj , "-fzil], -a) ... {vertices)
4) biecgi=gl
5 ar¢c.a>h
) the length of major axis is 2a
Ty the length of minor axis is 2b
#) the distance between two foci is 2c
9 Areaofellipse A=abx
2 2
a“+h 22
10y Perimeter of cllipse P=2n > " 1r=-?—
l|| " O O
11} Eccentricity of ellipse e:i,:-:l . e= V2 b
a a
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For each of the followings, find the length of both axes, foc, vertices and eccentricity.

1 L *L=1 2) 4x?ent=2
e > "3
1) 1_ y
25 16 . .
2 : s companng fwo equatons
— :’r——l such thata=bh
1 h?

= al=25 = a=5 = 2Za=2(5) =10 unils ...  langth of major axis.

= b=l = b=d = 2b=2({4)=8 units . _. the length of minor axis.
at=b"+¢l ... main formula

= =424 = =216 = ?=90 = =1
Fi(3.0) . F=3.0) ... foci of ellipse
"."1[5, 0, V.(-5, 0) ... vertices of ellipse

= <1 ..... eccentricity of ellipse

2)
O s - 3
4x° +3y =i-....rrluh:||:|lj|.rmghuﬂ1mdesh3r1
F. i
N
T+T—]
2 'i:"!FE 1 - ;
3x +T=I = 3 9 . companing hwo equations
Hi }rl
=t _I_I suchthata=h
b a
4 2 4 . : ;
ug=i;- == a=-j- == Ea=-j units ..... the length of major axis,
b I b o 2hb 2 it the | i i
mi = E.ﬁ =3 -:.-j‘ units e length of minor axis.
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=hte! =

| l
te = gl== o o= =
9 3

=

1]
3

o | =

1 1 .
F,(0, 3 ). Fyll, —i} i foci

Find the equation of ellipse whose foci are F (3, 0), F,(-3, 0) and the vertices are V (5, 0), V,(-5, 0)

and center Is at the origin,

Solation

Since foci and vertices are on x-axis and center is a1 the origin,

Ll

a® bt

F (3.0} Fi-3,0) = c=3

V3. 0), V) (=5.0) > a=35
a® = b?+ ¢ ... main formula

PP+ =16 3 b=4

3 .32 3 ik

e x* . ;

—+===] = —+=—=1 .., the equation of ellipse
g3 %516 i

Find the equation of ellipse whose center is at the origin and its coordinate are on the two

coordinates axes, which intersects x-axis by 8 units and v-axis by 12 units. Then find the
distance between two foci and the area of the ellipse®s region. (and perimeter)
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Ib=3 = b=4, 2a=12 = a=8

11 3"1
=5 _I'E+E=J ..r. the equation of ellipse

B2=bl+¢? = P=42+ 2
= 2=20 = =25

the distance between two foei = 2 = 445 units,
Arca of ellipse = A =abn
= A=(6}{d)r = A=2dnunilsquare, n= e

a’ + b
Pernimeter of ellipse = P=1n 3

= F=2“_1||315;-Iﬁ =1'H:J%=! 26 n units

Let kx®+4v® =36 be the equation of ellipse whose center is at the origin and one of its foci

is (/3 , 0) then find the value of k & R.

kx? + d}l? =W ....... f%iﬁ}

From the focus (/3 , 0)

=» ::=-.E:bn:1=3
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- comparing two cquations

ol
r-llﬂrn ""'|Iﬁ'-.‘|

n-l*—-_-
Peai

= a =1—6 B =9 =3 ()

Fa

at=bt+et (D)

by substituting (1) in {1}%=9+3 = i—ﬁ=1z = k=3

Find the equation of ellipse whose center is at the origin, foci are on the x-axis, and distance
between two foei is 6 units, and difference between the length of the axes is 2 units.

....... by substituting (1) in main formula
(b+1¥=b2+c? = B +2b+1=b+c? = b+1=3 = b=4.. ... {2)

by substituting (2) m (1}, a=b+1 = a=4+1 = a=35

I i . 2
L2 =x_+y_=l ..... the equation of ellipse

B |
PR 25 16

Example 16

Find the equation of ellipse whose center is at the origin, one of its foci is focus of parabola
. — 12x = { and the length of minor axis is 10 units.
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Solution

yi—12x =10

y? =12x y e
comparing two equations.

y* =dpx

= I2x=4px = 4p=12 = p=13

F,(3,0), Fo-3,0) ... foci of ellipse.

Since ¢ =3 = ¢2=0

2b=10 ... the length of minor axis.

= b=5= bt=125

al=bl+e? ... main formula

= af=25+9 = al=34
IJ.' }rl
—t—=] ... the equation of elli
TRET eq pse

By using the definition of ellipse, find the equation of ellipse whose foci are F (2, 0) and
F; (-2, 0) and constant number is 6

Let P(x. y) be any point on the ellipse.
PF, + PF,=2a ....... definition of ellipse

=% J(:-;—-!]zﬂ-}r: +J{x+1}1+y2 =B
= J(x-2F+v" =6-J(x+2* +y" ..... squaring both sides
=4 I_Jt—if;lzﬂ.r1 =3&—]E\||{x+ 2)* +y= +{:|n:+1:]i+:|.r:l

= x* - dxt+diyl=36- 124/(x 4 i RS L PR R
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—

li'.ﬂlill;u +1I‘|2 -|-:,|'3 =38+8x ... dividing both sides by 4.

IJix+2F +y* =9+2x% ... squaring both sides

(%% + 4%+ 4+ v*) =81+ 36x +dx°
OxF 36% + 36+ 9y =814+ 36x + dx°

Sx+ Oyt =45

.
ig" + %n =1 ... the equation of ellipse

.
=

—4—4 Graph The Ellipse

1)

3

4]

In order to sketch the graph of ellipse follow the steps,

L+ _:':'_= | | be the equation of ellipse whose foci are on x-axis.

Plot the vertices ¥V ,(a, 01, V.(-a. 0) on coordinate plane.

Plot the co-vertices M, (0, b) , M4(0, -b)
Draw the curve which passes through the points V M, V.M, respectively.

Plot the foci F(c. 0) . Fy(—c, 0)
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(2-3 ) Transltion of the axes for Ellipse

| The Equution of Ellipse Whose Major Axis (s Parallel o the v-axis and Center i5 (h.K)

When the ellipse is wanslated from ceater (0, 0), b units on (he x-axis and k units on the y-axis
the equation of ellipse will be

a’ b

() VO ‘

i, btk

——

o P

FETN" 'T e 1) Fled k) Wik _
- 4 L 5

\ _;-“"’HH

T {h, bk

[(Figure 2 — 19

In the figure 2 — 19 the major axis is parallel to x-axis and its length is 2a and its equation y = k.

The minor axis is parallel to the y-axis its length 15 2b and its equation x = h.
But after translated the ellipse the foei will be T (c+h, k), Fa(—c+h, k) and the vertices are
Vy(ath, k), Va(-a+h, k)

5=1 The Equation of Ellipse¢ Whose Major Axis is Parallel to the yv-axis and Center is (h, k) J

When the ellipse is translated from center (0, 0), h units on the x-axis and k units on the y-axis

the equation of ellipse will he

2 2
(-hyY -k

=]
b a”
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ﬁ!m k)
i

[Figare X - M}

Foci of ellipse are F (b, c+k) . Fa(h, —c+k) and vertices of ellipse are Vy{h, a+k) , Vs (h. —a+k)
The major axis 18 parallel to y-axis, its length 15 2a and 1ts equanion 15 x =h.

The minor axis is parallel to x-axis, 1ts length 13 2b and its equation 15 y =k,

In the Section 2 — 5 (Translating Ellipse) we are going to focus on only finding center, foci,

vertices, (Poles) co-vertices, length of axes and equation of axes of the ellipse.

Find foci, vertices, co-vertices, length of axes and equation of axes of ellipse then find the

value of e.

&-2F G-,
9 23
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Solution

I L'
-2 -1
0 25

2 2
{x—h) _l_{!'r_k.} =]

I:ll1 ﬂ‘ll

» comparing two equation

h=2,k=1 = (hk)=(2, 1) ...... center of ellipse

al=25 = a=5 = 2a= 10units ... the length of major axis.
=% = b=3 = 2b=6units ... the length of minor axis.
al=bl4+c? = 25=0+¢ = ¢?=16 = c=4

Fih,c+k)=F(2 4+1)=F(2,5)
fioci of ellipse
E(h, —c+k)=Fy(2, -4+ D)= F(2,-3)

Vi(h, a+k)= V(2. 5+1)= V(2 6)
vertices of ellipse
Vol(h, —a+k)=Vo(2, -5+1)= Vo (2, - 4)

(-b+h, k)=(-3+2,D=(-11)
co— vertices of ellipse
(b+h kK)=(3+2.1)=(51)

x=2 ... equation of major axis.
y=1 ... equation of minor axis.
¢ 4 o i
= = =Eq 1 ..... eccentricity of ellipse
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Exercises (2-2)

|/ Find foci, vertices, peles(co- vertices), and center, then find the length and equation for both axes and -es and
eccentricity for the ellipses whose equations below:

(xd) |yl

1) AT +2y7 = i) St e 9+ hey - TIx- Y6y + 144 -0
b 9x*+13y'=117 R P vy cax sy v 20e=0
g i

2} Find standard equation for ellipse whose center is at origin point for each of the following:
0| Foci are the pomnts (5,00and {-5,0)length of major axis is 12 units,
bi Foci are (0,£2) and intersecls x-axis atx==14

| One of two foci 1s far away from the ends of the major axis | and 5 units, respectively.
1 The cooentricity = % and length of minor axis is 12 units.
«| Distance between foci is (8) units, half of minor axis is (3) units.
3| Using the definition find quation of ellipse if:
21 Foci are the points(0,£2), vertices are points {0,23) and center is at origin,

b Distance between two foci is (6) units, constant number is (10), foci are on the x-axis and center is at

ofigin.
4] Find the equation of cllipse whose center is at origin, one of two foci is the focus of the parabola whose

cquation is ¥ +8x=0, if the ellipse passes through the point (2v3,+/3).

5} Find ellipse equation whose center is at origin, foci are on x-axis, and passes through the peints (3,4) , (6.2)
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) Find equation of ellipse whose center s at origin, fuci are at intercept point of curve X + 3 - 3x= [6with

yaxis, and it is tangent to the directrix of parsbela v* =12,

7) Find equation of cllipse whose foci belong to x-axis, center at origin point, length of major axis is twice the length of
minor axis, and intersects the parabola 3 +8x=0 at the point whese x-coondinate is -2.

%) An ellipse with equation A + k' =36 center 15 at origin poini and sum of squares of the length of its axes is 60,

one of its foci is the focus of parabola whose equation v =431 whatis the value of bk R?

9) Find equation of ellipse whoss center at origin point and one of its foci is the focus of parabola r =24y, sum of
lengths both axes 15 36 omts.

10) Find equation of ellipse whese foci F,(4,0], £, (~4,0) and the point ©) belongs 1o ellipse, such that the perimeter

of the triangle OFF, is 24 units.
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2- HYPERBOLA

(2-6)
The hyperbola ts the set of points in a plane whose such that the absolute value of the difference

Defimtion

of the distance from iwo fixed poinis (foci) in the plane have a constant mumber.

In the figure 2 —22
Fle, 09, Fo{=¢, 0) and foci of hyperbola V,(a, 0), V,(-a, 0} are vertices of hyperbola and the point

Px, y) is any point on the hyperbola and from the definition

| IPF, - PRy=2a |

such that 2a is a constant number which represents the length of real axis of hyperbola containing
the foci and vertices. The segments PF, and PF, are called " focal radius™ drown from the point P,
The distance between two foci F, F, is cqual to 2¢,

The length of imaginary axis is 2b.

(0, k)

F,i--:.ﬂ Val=n 0 Al Vim0

j ey
-.l-. .

[Flypamn 7221

I-!’1 ~1 The Equation of Hyperbola Whose Foci are on x-axis and Center is al the Origin

From the Figure 2 - 22 and definition of hyperbola,
IPF, —PF,|=2a
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= PR-PF =42

= ‘J‘U" _,:]z +}"! --,J'I{xen:]l;_}rl = +28

= Jix-cf +y! =28+ (x+e) 47

By squaring and simplifying both sides as we did in the equation of ellipse whose foci are on

x-axis and its center is at the origin, we get the eguation

$—2

=]

ﬂu:[ Ly

2
a2_2
From Figure 2-22 c¢>a,a>0,¢>0,¢-a?>0

Assuming b? = ¢ — a? and by substituting a® - ¢ = — b? in the equation above, we find that,

— 3 =1 | ... standard equation of hyperhola.

},2 '.'-11
a_l -F =1 | ....standard equation of hyperbola,
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F'J.l_l]. =]

Flgere 2 =230

| The eccentricity of hyperbola is always greater than 1. e =§ =]

4

origin.

1 Plot the points (a, 0) and {-a, 0} on the coordinate plane.
21 Plot the points (0, b} and (0, <b) on the coordinate plane.

1) From the centeral rectangle which passes through these points as shown in the igure 2 - 29

¥

w -

' i, b

A
o
. #
. v . )

Wal—a ) ?_,-" 0 W le

o ilk, b

.-""-. "
s Ty
{Figuis 3 - Td3
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4] We draw the asymptotes through the diagonals of the central rectangle as shown the

Figure 2 -24
5} Plot the foci Fy(c, 0, Fo(—, 0) then draw the branches of the hyperbola as shown in

Figure 2 -25

, r
(-a,00 | Aa.0) h
3
7 ._
(0.-b)

(Figime 2 — 24}

2 2
Find the foci, vertices, length of axes of hyperbola Tﬁ - ;r—ﬁ =1 and sketch it

Solution

= 5
64 36 ) .
¢ COMparing, two equations
o .
PR
a’=64 = a=8 = 2a=I16units ... the length of real axis.
hi=36 = b=6 = 2b=12units .....the length of imaginary axis.

ef=a+b? = ct=64+36 = =100 = c=10
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=

Kc. 0)= K (10, 0)
Fyi—c, 0y = Fy(-10, 0) |

Vila, 0)= V{8, 0}

» foci of hyperbola

vertices of hyperbola

Va4, 0) = Vo (-8 ()
(0, b} =1, 6)
(0, —b)= (0, -6)

L 1[:. _ﬁT}

(Flgure 2 - 2u)

Example 20

Find the equation of hyperbola whose center Is at the origin, the length of real axis Is 6 units

and iis eccentricity is 2 and foci are on x-axis,

Solution

Ja=f = a=3 = a’=9%

e=t = 2202 = (=34
a 3
=g +b = 36=9+b = b =27
2y
?—E=I e Standard equation ef hyperbola.
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Find the equation of hyperbola whose center is at the origin, the length of imaginary axis is

4 units and its foci are F (0, V8 ), F,{0, —J8 ).

Since the foci are on y-axis the standard equation is :
&

2 i
W X
___=l =
e (02

=2, Uy (L s
=4 = b=2 = K=4 A

/,mi\
c= 8

{Fegure 3 - 27}

=g+ = §=a'+4 = a’=4

H__KT =1 ... the equation of hyperbola,

In this example, the length of real axis is equel to the length of the coniugate axis (i.e a’ = b?),

tike this kind of hyperbola it is called hyperboliod right angled, because the fore points are

formed square shape. The value of the eccentricity equal to /7
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2-7 Translation of the axes for Hyperbola

First: The equation of hyperbola whose center is (h, k) and its real axis is parallel to y-axis.

(-h)? -k’
"

As shown in the Figure 2 - 28
Foci of hyperbola are Fy (e+h, k), Fy(—c+h, k)

Vertices of hyperbola are Vi(ath, k) , Va-a+h, k) 5L L Yol

{Figere 2-328)

Second : When the hyperbola 15 translated h units on the x-axis and k units on the y-axis and real axis is
parallel 1w the y-axis then the equation will be, =

i
1)
-k (x-h)y oF b etk
. =]
a’ B

[ V\ih, 2k}
ih, k) -

As shown in the Figure 2 - 19 i
Vi, )

Foci of hyperbola are F(h, c+k) , Farh, —c+k) /ﬂ\
Vertices of hyperbola are Vi(h, a+k) , Vah, -a+k) Fyh, <-k)

{Figure 2 - 20}

In the section 2-7 we are going to focus on only finding center of hyperbola, foci, vertices and

the length of real and imaginary axes.
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Find the coordinates center, loci, vertices, the length ol axes and eccentricity of hyperbola

whose equation s

x+2P -1 _,
g i

Solution

(x-h? (K7 _ |
a’ bt

=2 -0
9 4

- comparing two equations.

a2=9 = a=3 = 2a=6units ....thelength of real axis.
b'=4 = b=2 = 2b=4units ... the length of imaginary axis.

= h=-2 , k=1 center (hk)y=(-2,1)

=4k = d=9+4 = ¢= J3

& Ee+h K=E(7-21
B B foci of hyperbola
Fi-c+h k)=F(13-2, 1)

o Vila+h k)= V(3+(=2), )=V, )
o - - vertices of hyperbola
Va(=a+h, k) = Vy(=3+(=2), )= V5(-5, 1)

Ji3

=T::I wns GECERTICIty Of hyperbola.

c
a
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Exercises (2-3)

I} Find fozi, vertices, length of both axes, and (eccentricity) for following hyperbolas:
W 1260 4y =48 cl 2y +1) -4lx-1) =8

016X -9¥ =144 Al g’ 4 160x - By + 18y = 185
) Write equation ofhyperbola in following cases, then graph the hyperbola

2! Foei are points{£3.0 ), intercepts with x—axis at & =3, center at origin .
o1 Length of real axis 12 units, length of conjugate axis 10 uniis, both axes congruent on coordinate

axes, center at origin.
¢ Center at origin , foci at y—axis, length of conjugate axis is 2./2 units | eceentricity is (3).

1) Find wsing the definiion of hvperbola equation whose center at origin foci are
{Iv"i 3 D} ,{-Eﬁ.l}} JI8 axes congruent on coordinate axes, and absolute value of difference bemween

distances of any pomt from the foci 15 (4) unils.

4} A hyperbola with real axis (6) units, one of foci 15 focus of parabola whose vertex is at onigin and
passes through the points (1,25 ) , (1, -2/5 ) Find the equation of parabola whose vertex at arigin

and hyperbala whose center at ongin.

5] A hyperbola with the center at origin , its equation fw > &' =90 , length of real axis 62 units,
foci congruent on foci of ellipse whose equation is 9v° +16)° = 576 . Find value of hk which belongs to
sel of real numbers,

) Write equation of hyperbola whose center at origin if one of its vertices is away from foci by | 9
units respectively | ifs axes congreent on coordinate axes.

7} Find ellipse equation whase foci are foci of hyperbola whose equation is '~ 337 = (2, matio between
lengths of axes is ; and center at ongn.,

#) The point £(6,L)belongs to hyperbola whose center at the origin and its equation x*— 3y =12,
find each:

u) L value,

h) Focal radius of hyperbola drawn in the right side of point P

-

9) Find hyperbola equation whose foci are ellipse foci %+%=I.i‘. tangents directrix of parabola
whose equation :rz+|2_-,r= 0
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APPLICATION OF DIFFERENTIATION

Chater 3 : Application Of Differentiation

| Higher order Derivalives

P Relaled Rates

1  Rolle's and Mean Value Theorems

| The first derivative teal for inc reasing and -.Inrw:;mng tor o lunclion
] Local Maximum and local Minimum

6 Concavity ol curves and inflection point

The secand derivatire test Local Maximum and Local Minimum

a {-r.lplun}_', function

9 Optimization (Maximum, Minimum) problems

Terminokog

Team Symbol or Mathematical Relation
. d (n). =
Higher - order Derivatives y = ( )Y= £ (x)
d "X

The approximate Change Rate
hf(a) ,h=h-a
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APPLICATION OF DIFFERENTIATION

( APPLICATION OF DIFFERENTATION J

e

Prephase: You had studied in fifih class when the function will be differentiable and you had known the

rules to find the derivatives of algebraic and circolar functions and phsical disnptions,

In this chapler we shall take some concepts and some uses of applications to calculate differentation .

[ - 1 - Higher - Order Derivatives )

Let ¥ = fix] be a function satisfying the conditions of differentration then first derivative 15
dy :
¥ = T f'(x) represent new function,
If this new [unction also satisfies the conditions of differentiation then second derivative is

2
y'= L)

If second derivative function also satisfies the conditions of differentiation then third derivatie is

K]
}lJH = d }r = r“[x]
:iH‘-'I

Therefone, we can find higher — order denvatives of function which 18 written as

n
F{ﬂizd_}rzfm][n' , 1 E gt
dxﬂ

We can show the derivative of function by using the following symbols.

P(x), F(x), F(x), £3x), ..., FONx)
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APPLICATION OF DIFFERENTIATION

}'/'l 1‘/'/ ‘;r// . :"'[4}:1.'1 """"""" ' }I{“ll
dy d’y &y dy o d
TR dx "

From the definition of higher — order derivative

dly _dfdy

1 dxl
dy _d(dly
dlj dx d?-'z

Suppose an ohject moves 3 long a straight Line according to the fanction 5 =1(1), where (s) is the
displocement (directed distance) of the object from orign at time (1)

first derivative ﬂl}-—% which represent the velocity {instmianecus velocity)

b :
and the second derivative (1) = % which represmt the acceleration ,

§
If  y=cos2x then find d—!’
dx?
?:—Zsinzx
X
2
B (=202 oy == ooaai
&HE
d'y
=—4(-2)sin2x = + 8 sin2x
de}
4
—ir={2‘,|.3cnszx = 16cos2x
dx

90



APPLICATION OF DIFFERENTIATION

Example 2
Ay, 4y &

If you know that y2+ x° = 1 then prove y—=+3
de?  dx? dx

Solution

We differentiate the both sides of the relation y2 + x2 = | with respect to .

E}rj—}r+ 2x=0 by dividing both sides by 2.
X

j’d—}r+:|'i. =10
dx

then we differentiate both sides of this relation with respect to x.

then we differentiate both sides of this relation again,

dy ; d’y dF+2( d}r) dl}r+ﬂ={]

dxd 2 dxdn ) gy
3 z

y O 30y & 6 ED)
de? dx®
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APPLICATION OF DIFFERENTIATION zt’

Exercises (3—1)

d’y ,
1} Find FPEl for the following

a) y=+2-x ,vx<2

¢) 2Xy—-4y+5=0.y=20,x =2

2} Find f"'{]] for the following

) f(x):n dJ6=2%, Tx <3

by f‘(x]:sin X

3
2—x

JKX#2

ch f{:{):

(ln + 1)11'

dl
3) If y=tanx , then prove that -d—?:--E}r(l-l-f)whcn:h:f X # . YneZ
B

4) If y=xsinx, then prove y\¥-y+dcosx=0
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APPLICATION OF DIFFERENTIATION

3 -2 - Related Rates ]

Let  w=gl) ,x=Hf0

Where the two variables x ., v are depends on vanable

We can find the change rate of each of them as following :

d_:'r='§|;|]. Change rate of y with respect to (1)
dt
d_J{ =-'fm Change rate of x with respect to (t)
dt

For example : The equation

i+ }'1— *1-:,." +6x =0 wecanfind the change rate x , v with respect to (1)

d 2 2 B
L (X¥+v-4v+ 6 = Z_(0
T, (X y-a¥ X ) rl'l{}

3x 92 4 agdy _4dy L gdX 4
dl dl dt dl

dy
dt

Then: Change rate of y with respect to (() is

Change rate of x with respect to (1) is E

il
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In order o solve related rate problems follow the steps the Strategy

(1) Draw & outling and name the variables and constants, use "t" for the time assume that all variables are
diferentiable function of (t) .

(2) Write down any numerical information.
(3) Wnte down the relation ship that related the vanables.
(4) Differentiate both sides of equation with respect 1o 1 (time)

{5) Substituting Known values in the equation In stap (4)

Water is dropping from polyhedron tank whose base is square with sides 2 meter at

drate of 0.4 s,

Find rate of change of decreasing water level with respect to time,

Let the volume of water in polyhedron be  w(t)at time {t), :—: =—0 4.... {Rince water i decreasing,

the sign will be negative)

Lat the hight of water level in polyhadron be h and we want to find rate of change of height

of water level ﬂ
dt

v=Ah (Ais the area of the basc)
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APPLICATION OF DIFFERENTIATION

ve({2).{2).h

=VEH e, differentiate both sides with respect o €

g _
de

dh dh .
—ﬂ'.d—**.I:I—— 0.1 m's

0.1 m's 15 the rate of change of decreasing water level.

A metal has a shape a rectangle with an arca 96 cm®. Ifits length increases at a rate of 2 cmys

such that its area will be constant, find the rate of change of decreasing in s width when the width 15 8 cm.

Let x be the length of reetangle and v be the width of rectangle.

rate of change of length is % = 2emis

rate of change of width is :—}' =? when y=§&
t

A=xy

S 6= xy

cysHa ey (Rly=12
96 = xy ... (cilTercntiate both sicdes) with respect i 1

des) _ dy | dx

&t ar
dy  dx
0=x—=4y—
a o d
0= 128 15 2)
m
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APPLICATION OF DIFFERENTIATION I! E’

Example 3

A solid cube with aedge & cm is covered by a layer of ice, If the ice melts at a rate of 6 cm? ( 5
and it keeps its shape then find the rate of change of decreasing of ice thickness when thickness is | cn

Solution

Let x be the thickness of ice. We want to find i—? when x=1.

(Volume of ice) = (Volume of cube with 1ce) - (Volume of cube)
------- A v=(8+2x) -8 ........ differentiate both sides with respectto (1) .

/] 2l
| Gl ] dx

=38+ 222 —-0
ot dt
6= E 2D :—’:

& =—0.0lcmis n
dt

20,01 cm/s is rate of change of decreasing of thickness.

A ladder with 10 m length leans vertical a wall. The foot (base) of the ladder is pulied away at a
rate of 2 m/s when the foot of the ladder is §m away from the wall, find.

1. How fast the top of the ladder slides (move) down.
2. Rate of change of angle between the ground and the ladder.
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APPLICATION OF DIFFERENTIATION

Solution

(1) Let x be the distance between foot of the ladder and wall.

Let y be the distance between top of the ladder and ground.

Let 6 be the angle between ladder and ground (rad ).

%J:-—=2, find -f?iwhcn =73

By using pythagorean theorem, x> + v2 = 107 with respect to (t) .
ifx=8=8+y=100=y=36=y=6
Differentiate both sides of = x* + y& = 107

L. 5 il dx . dy
B 11y TGy . .
a h¥lmg )= & T a

By substituting known values in the t:quatiun above.

dy _ 31
(2).(BY(2) +(2LiA). = m mis

% m/s is rate of change of sliding top of the ladder.

: i T dfy) dd 1 dy
2 o ... =_( 2
{2} sin@ : o {sin 0} A3 ):cnsﬂ T

By substituting cnsﬂv-i i E-L d}r

0 10 dt 10 dt

By substituting % = 8 and {:Ii_‘l =—§ we gel
[

= =—; rad/s 12 rate of change of angle.
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APPLICATION OF DIFFERENTIATION w

A conical filter whose its base is honzontal and its vertex( head) is downward. Its height is 24
cm, and diameter of its base is 16 cm. if the liquid is poured at a rate of Scm? /s, while it leaks
liquid at a rate of | cm¥s. Find rate of change of liquid depth when the depth of liquid is
12em.

We assume that the dimensions of the hquid at amy moment be h (height) and r{radiuz).

Let the volume of liguid at any moment be v(t).

In the figure at the nearby when we use tan or similarity of two

triangles, we gcl

h 24 3
v=%m1h. ......... {substitute r = —h)
. B
1 {1 L 43
==7 | =h | h==—xh
' 3“(3 ] 27

by differentiate both sides with respect to 1

dv 1, .2dh dv 1 _sdh
|I'_:_I Ell_ _:_ h T
T kR ST T

rate of change of volume of liquid = rate of chanae of pouring liquid —rate of change of leaks liquid

dv 1 l 2 dh
al._=.5—]=4 Ir l:i:— 11 [P
it cmTis = q.ﬂ ) e
|
e -—Aﬂumfs
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APPLICATION OF DIFFERENTIATION

Esample 6

Let M be a point moving on the parabola curve ¥ = 4 such that rate of change of the point
M getting away from the peint (7.0) is 0.2 units . Find the rate of change of x-coordinate
for M when x=4.

Let Mix, v) be the point and N{7, 0}

Let the distance bebaeen M and N be 5,

=4 {x-TP+(y-0)2

S 4 x2-14x+ 49 ¢ y2

By substituting y2 = 4x then,

8 = 52— 1dx + 49+ 4x

§=4 x2-10x+ 49

Differentiate both sides with respect to (1)

ds 2x-10 dx

L ST

BN . ol [ .

10 dt

d :
= _1:=_| umits
di
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APPLICATION OF DIFFERENTIATION

Exercises (3-2)

|} A ladder leans against a wall. The foot of the ladder is pulled away from the wall at a rate of 2m/s.
How fast is the top of the ladder moving down when the angle between the foot of the ladder and

ground 15 nf3 7

1) A pole of length 7.2 m has a light on its top. A man of height 1.8 m is moving away from the pole
at a rate of 30 m/min , Find the rate of change in length of man's shadow.

31 Let M be a moving point on the parabola x*=y Find the coordinates of M when the rate of change of
M pgetting away from the point (0, 3/2) is two-third of the rate of change in y-coordinate of point M.

41 Find a points which lies on the circle x*~y*+4x-8y=108 at which the rate of change of x equals the
rate of change of v with respect to time 't ™.

51 polyhedron its dimensions change so that it's base keeps its squared shape, the length of side of
the base increases at a rate of 0.3 cm's and its height decreases at a rate of 0.5 cm/s .Find the
rate of change in the volume when the length of side of the base is 4 cm and the height 3 cm,

3 - 3 Rolle s and Mean Value Theorems

Before beginning to this section. {optional )

Definition 3-1

If f function 5 defined on the closed mterval [a, b]. then,

'} T has maximum value at ¢ such that ¢ € [a, b] if and only if fic) 2 f(x) . ¥x< [a, b].

2} f has minimum value at ¢ such that ¢ € [a, b] if and only if fic) < f(x) , ¥xe [a, b].
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[f f function is defined on the closed interval [a, b] and f has maximum or minimum value at ¢ such that

¢ & (ab) mid./l'{a:} exits then ﬂc}: 1]

We will explane this theorem geomeitrically as shown in the figure below,

Let fix) = |x|,. £[-1, 1] = IR

As we see in the figure below the function f has maximum valee at cach of x = | and x = 1.
And it has mimimum value at x =10,

f is not differentiable at x=0

"E’l:ﬂ'] doesn't exist.

f doesn't have to satisfy ?{ci =),

i
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APPLICATION OF DIFFERENTIATION

Delinition 3-2

Let [be defined at ¢. The numbser ¢ 15 called critical number ifﬁc] = [bor {15 not differentiable at ¢

The point {c, [{e)) 1= called critical point,

In the previous example f{x) = Jx|, £:[-1, 1] = IR. Notice that is defined at x = 0. But T{0} doesn't exist.

The rumber O is said to be critical number for the function £ the point (0, f107) is critical point.

3-3-1 Rolle s Theorem )

The French scientist M. Rolle made a simple thearem to find the poinis that represent entical pomts for
the function on the given interval and its named with his name after him.

: - X
I F is afunction 15 a d C b

1) continuous on the closed interval [a, b]
1) differentiable on the open interval (a, b)
1 fal=fb)

then thers exists at least one value of ¢ which belongs to (4, b) and sansfies f{c) =0,
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APPLICATION OF DIFFERENTIATION

Show that the following functions satisfy Rolle's Theorem for each of the piven intervals
and find the value of ¢ if exists,

1) fx)=q2-xpex € [0 4]
by fix)=9%+ 3 -3, xe[-1,1]

+1, xe[-.7]

s XE[-4 =1)

d) fix)=k ,xe[a,h]

If the power of the function is natural numbers it is called palynomial function like Tud+6x+7

i) fx)=2-xFxeD 4

1** condition : ['is continuous on the interval [0, 4]. Because { i3 polynomial function.
11 condition 1 is differentiable on the interval (0, 4). Because it is polynomial function,
1l condition: 107 = (2 - 0)2 = 4 fld)=i2 -4 =4 = fi0)=1{4)

f satisfies Rolle's Theorem an the given interval.

Trai=-202%) =Te=-2(2-0)
fic)=0 = -1@2-¢h=0 = ¢c=21€(.4)

b} fix)=9x+3xI—xd xe&f-l,1]
1* condition : [is continuous on the interval [-1, 1]. Because fis polynomial function.
1™ condition : fis differentiable on the interval (-1, 1). Because fis polvaomial function,
1M condition : [—1)=—9+3+1=-5  f1)=9+3-1=1
F{-1p=1{1)

f doesn't satisfy Rolle’s Theorem on the given interval.
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APPLICATION OF DIFFERENTIATION ’!E’

x+ 1, xe[-12]

c) flx)= 1 - aerA

The domain =[-4, 2]

Bm (x4 N=2=L,
X =—1"
lim (-lp=-1=L,
x—==1"

¥ condition :

Ly #Ls [1nol continuous on the interval [, 2]

f doesn't satisfy Rolle's Theorem on the given interval.
djf fix)=k, =xelab]
1% condition : [ 1s continuous on the mterval [a, b] Becanse [ is constant function.
1™ condition : f is differentiable on the interval (a, b) Because fis constant function.
™ condition : fia) = k, fib) =k
o fa)="fh) =k

. fsatisfies Rolle's Theorem on the given interval (a, b)

)

If f is continuous on the closed mterval [a, b] and differentiable on the open interval (a. b) then

-1

And ¢ value can be any value on (a, b))

( =3 -2 The Mean Value Theorem

P
there cxists at least one value ¢ which belongs to (4, b) and satisfies f'(c)=

fib) ~ fah =) . (b-a) |
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APPLICATION OF DIFFERENTIATION

The following figure explains the Mean Value Theorem gpeometrically.

The tangent is pamallel o chord AB. Slope of
i i

angent is equal to T'{c),

The slope of chord passing through A B

Ay _ fib)~f()
Ax b-a

The slope of tangent to the curve at ¢ = first derivative of fat ¢.

fib) - f{a)

Therefore, T(e) =
b-a

The Rolle's Theorem is a special case of the Mean Value Theorem and in Rolle's Theorem 3

condition [[2) = (b must be sanshed.

is : If the chord and tangent parallel to x-axis then flo=0

Example 3

Prove that the following functions satisfy the conditions of the mean value theorem and find the

virlue of c.

a) fixy=2f-6x+4, xel-1.7]

by Rx)=425-x2, xe[40]

Solution

a) fx)=a2-6x+4, rel-l,7]

I¥! condition : fis continuous on the interval [~1, 7] Because fis polynomial fanction.
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b}

APPLICATION OF DIFFERENTIATION ’!E’

1™ condition ; fis differentiable on the interval (-1, 7) Because fis polynomial function,

The slope of the tangent i{fn} =X -6= f'{c} =2c—6

fih)—fla) _ F(D-fi-1) _ 1-11 _
B - BN 7

The slope of chord is I
Since slope of the tangent is equal to slope of chord,
Lo2de—0=0 =e=3e(-1.7)

Ax)=425-x%, xe[~4,0]

I*" condition (continuity) : ¥a = [-4,0] = fla) = N25-al IR

lim fix)= ImN25-x2 =425-16 =3 = f{-4) exists.
=4 X=4"

limfx) = mN25—x=425-0 =35 = ()
X =) X =]

.t limfi(x)=f{a) & f (s conlinuous af a.
E—1

Since a is any element of domain <> ['is continuous of [-4, 0].

1™ condition (differentiability): The domain of first derivative of f is

(-5, 5). = fis differentiable ¥x (-4, 0)

= iti “ -X - -
I condition: Slope of tangent: {'{x) = = Tic) =
V25— 25—’
Slope of chord: f(b) - f{a) = fiD)—f(-4) _F=3_1
b-a  0-(-4 4 2

Slope of tangent = slope of chord
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‘:E! APPLICATION

-C [

Was_c? 2

¥25-cd ca2e
25— = 4!
a3
c=a43
¢ =45 E(-4W

c=—ﬂ'?E|;—4.{I']l

OF DIFFERENTIATION

Squaring both sides

S5

(1]

¥

(5

&

(54 C

-
{2, 0

IF fx) == —ded 1[0 6] = IR and f satisfiss the méan valee thesmem at ¢ =% then Find

the valwe of b

Py = 3at - mx . (slope of tangent)

-
=) m Fed =i

[E = = EI' _i_E=_4 [slepe ol fangeni)
1, J 1, 3 3
ﬂh;::{a:l = ﬂb;:;{ﬂ'} e vme o [2lope of chord)
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APPLICATION OF DIFFERENTIATION

_ bl_4pi-0

- = b - 4% {Slope of Chord)

stape of chord = slope of dogen

b'-db=—d = pI_gpedafl = [(b-2P=0 =—bal

Corollury of The Mean Value Theorem J

[l fiz coninsces on [a, b and differzniiable on {8, b) and of we coosider 1 = b — a such tha: b o,

b IE then by the mean value thaorem we pet

Ple) by stbslibeing b=+ h

_ 1b) - f)
b

_ Fa+h)=-fla}
3 b-a

= &+ h=flai+h.fc)

When (b approached b () . the (b)) valus is small and the chord beorots very small, go the tnpeat
al (e will b tangen: al.r;'i =u
So:fla+hy = fla) +hfiak

Where: hTia) is the approximate change of the function .

Approximaion by wsing corollary of the mean valee Theprem I

Using condlary of mesn valoe thearem ko Bnd ¥4 approx imately

Let iy = 5 be the functon oo the aierval [23,34]

b 26
k=45, 7o =[5 H] \o 2
fialm fa, F25)m A5 =5
heb-a=|
¥ I ¥ I |
fial= filfl=— =——=10.l
2% afas 10

fh) = fia) & (h-a) Toa)
Tindhiefra) # Wi{a)

{26 = F(IS D= 1(25) + (1) Te25)

41 = 5 w1t = %1
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APPLICATION OF DIFFERENTIATION

Example 6

I fin) = xd + 3xd + dx + 5. Find f{1.001) approximately using M.V.T

Solution

f{ly=1+3+4+5 =13

b=1.001
fix) = 3x2 + 6x + 4 =
fily=3+6+4=13 h=b-a=0.001

fia+ h) = fla} + h f{a)
R1.001) ~ fi1)+(0.001) . £171)
=13 4 (0.001) . 13

= 13013

Example 7

If edge of a cube 15 998 ¢m then find the volume of the cube approximately, Using MV.T

Solution

Let v be the volume of cube
b=190§
a=10

h=h-=a-=-0.02

vix)=x' . x e [0.98, 10]

Y10 = 103 = 1000
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APPLICATION OF DIFFERENTIATION w

vix)=3xd = v =3 (10)2 =300

v(5.98) = 1000 + (—0.02) (300) = 994 em”

3r3
Let [[x)= x? If x changes [fom & o 8.06 then what the amount of approximate change?

3
fix)= ¥x2 . F:[8.806 = IR b =806
s 3 Aa=5
F(x)=—

1Wx h=b—a=006
-~ - 2 1
f{g] = F[E] = _——

ST

hf{apz{ﬂ,ﬂﬁ]{ ji y= 002 Approximate change

A cube with edge 10 em is painted with (.15 cm from each edge , find the quantity of paint

approximately by using M.V.T

vix)= ¥ b= 103
v(x)=3x* a=10

via) = v{10)= {3} {10)2 =300 h=b-a=03

hv'(10) = (0.3) (300) = 90 cm’  volume of the paint approrimately .
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APPLICATION OF

Example 10

DIFFERENTIATION

By using M.V.T find the values of the followings approximately nearest thousand (in decimal

part there must be at least 3—digit)

(0.98)" + (0.98)*+ 3 by X7.8
o) A7+ W17 4 W12
5
a) Assume that fix)= % +x'4a The function
; Differential both sides

T‘f.:':]— Ex'_f 45
' 5
r, .4
f(a)y=M1N=17+1"+3=5

Pla) = F-[i}——li +4. (1)7 =46
fia+h) = f{a) + h T(a)
RO.98) = f{1) + [(-0.02) . (4.6)

= 5+ (~0.02) . (4.6)

=5-0.092 =4908

V.98 4 (0.98)" =3 = 4,908

by W78

Assume that fix) = %.'r;

p ]

f(x]=

2
fla)=f8) = ¥8 =2
I
Tia) = rm}-—z—:nuﬂj
e !

fla+hy=fia)+h I"[a}
1

By substituting a = 1

b=1098

a=]

h=bh-a=-0.02
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APPLICATION OF DIFFERENTIATION ’!E’

f(7. 81 = [8) + (~0.2) (&)

=2 —(0.2) (0.083)

=7 _0.0166
= |.0834
7.8~ 1,0834
i N17 + W17 b=17
\ ' a= 16
Assume that fix)=xT + x+# I

gy = Vo5, 1o~
fi(x) = 1:-: - dx
| |
f16)= 2HT+2HF=4+2=6
tae=teh T+ ley = Lla e tah=o s(l voas(LY
T2 4 T2 4 ST 2 ' ( 2
= (0.5} (0.5)% + {0.25) (0.5%
= (0,5} (0.25) + (0.25) (0.125) = 0.125 + 0.031 = 0.156
f{a+h) ~ f(a) + h Fa)

f17) = f(16) + (1) P(16)

= 6+ (1) {0.156)

V17 + Y17 = 6.156

d) 1}'0.]2
b=0.120
|
Assume that fix) = x5 a=0.125
h=h-a=-0005

2 . =&
Mx}=—x 3
} 3
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‘:g APPLICATION OF DIFFERENTIATION

; |
f0.125) = {(0.5°)" =05

_3 -
F0.125) = %[{ﬂ.ﬁﬁlT:%(%) == 1=13m
fla+h) ~fla) + hFia)
f(0.12) = f{0 125) + (-0 005) . (1.3373)

~ 0.5 - 0.D06665

~ 04935335

5ll' 0.12 = 0.493335

Exercises (3-3)

1} Find € value defined by Rolle’s Theorem in each of the following
ji] f{:-:} =E} —Ox . E[—l?.‘r]

b) f(x} =2x +E X E[%,E}

o f(x) =(x*-3) ,x e[-1,1]

2) Find an approximation for each of the following , using mean value theorem ;

i 3 o (1.04Y +3(1.04Y p

' J63 +3/63 (1.04) +3(1.04) %
|IIL , 1

101 17

1) A sphere of 6 cm radius, painted with 0.1 em paint.Find quantity of paint approximately

usimng mean value theorem,

4) A sphere its volume is 84 7 cm? find its radius approximarely using mean value theorem |
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APPLICATION OF DIFFERENTIATION

51 A nght circular cone, its height equals base diameter. 15 beight 15 2.98cm . then find volume

approximately using mean value theorem,

) Show that cach of the following functions satisfy Rolle’s Theorem on the given interval for

each . then find ¢ value

a) f(x=( %=1 , -1.3]
by hix)= ¥ = x , -L1 ]
¢ gln= ¥-3x, —1,4]
difi(x) =cos2x+2cosx . iﬂ,!ﬂ'}

7} Test whether the mean value theorem can be applied on the following functions on the given intervals

and mention reasons for that. 1{ the theorem is satisfied, then find possible ¢ values.

1) T(x)=x—x~1, -1.2]

h) hix) =x? —4x +5, ~1,5]
4

) g(x)=—o, o

2.8 X+2 ]

B bx) =Yx+07 -2,7)
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APPLICATION OF DIFFERENTIATION

( 3 - 4 The First derivative test for increasing and decreasing for a function

Corollary :

One of the important conclusion of the Mean Value Theorem 15 following corollary |

Let f be continous onthe interval [a, b] and differentiable on the interval {2, b) and if
11 f'(x)=0, ¥xe(ab)=15 ncrensing funciion
2) f'{(x)<0, ¥x e(a b)=fis decreasing function

In this section we will not imerest the other case (f{x) =10)

Let y = fix) = x*. Find the intervals of increasing and deacressing.

Solution

g.r=ﬁ[x]=1:1::r y =2
V=0 = ¥=2x =0=2x =x=10

y =2x

0 kT
e e | x  The sign of fix)

r-f:l-'..l ":‘” Lif A {1 WE i . il
T
| XX < HE i |

decreasing merensing
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APPLICATION OF DIFFERENTIATION

Example 2

Find the intervals of imcreasing and decreasing for the following functions :
al fix)=9x+ 3t —x° b) fix) = Wy

Solution

g) M) =9x+32-x = Px) =9+ 6x - 3xd
0=9+ 6x - 3x2
0=-3(2-2x-3)
O={(x—-3)(x+1) = x=3, x=-1

We examine the sign";‘{.'-tj by substituting the values around these numbers on the number line.

F'ix)

jx 1 x=-=1}, |x : x> 3] decreasing function

on the open interval (-1, 3) increasing function.

2

3

f'{x) is undefined at x = 0 thus x =0 is critical number.

b) f{x}l=1f? = ['{x)=

| - . s
"é:\:} oL
% x<()} X x-=0)
decreasing function  increasmg function
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APPLICATION OF DIFFERENTIATION

j =5 Local maximum and local minimum (Local extremum) ]

In the figure below the function y = f{x) is increasing on the interval (a, ¢) since ?{x}} 0, it is decreasing

on the interval (¢, d) since fff.t] < 0. And it is increasing on (d, b)
Ve
fix)=0atcachof x =C and x = d.
The point (¢, fed) 15 called the locul muesimum point and fc) is local maximum value of ©.

The point (d, f{d)) is called the local munimum poind and §dj 15 local minimum valee of f,

-~
" e p - )

¥ 4
naan {0 "
! Fixe
= ' -y =y
1 11. 1] o

] L1}

the local maxinvem point the bocal mininwm point there doesn’ exist local maximum or minimum,

Definition 3-=3

Let fhe continuous on the interval [a, b] and differentizble at x =¢ which belongs to the interval {2, b} if.

1) £{4)<0:¥xe (e, b) .3 c b Pixy
fix)=0:¥xe (o, c) - \\“\.
ineréasing dacreacing
'c)=-0 then fic) is the local maximum value
) Fix)=0:¥xe (c,b) - f = £ )

d::m-;:nig_a“\-q. . il m"ﬁ

then fic)is the local minimum valie

MMa)=<0¥xe (a.¢)

f(c)=10
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APPLICATION OF DIFFERENTIATION I! E’

In order 1w determipe the local maximwem aod local mamimum of the function { using ibe st dervative

test follow the steps.

Find the critical number by solving the equation  {'(x) = 0.

™

Let ¢ bea ertical number of function

-

If sign of ['{x) changes from positive o negative at © then fix) has local maximum value at ¢

If sign of '(x) changes from negative to positive at © then fix) has local mimium value at ¢,

=

If sign of '{x) does not change at ¢ then f{x) kas no local maximum or local minimum value at e.

Find the local maximum or minimum point of the following function £
) ixy=1+(x=2p
by fix) =1 — (x— 2)*
g} fix)=x - Ox2 + 24x

ing

\ Mupmi=-—=31r

Al fix)=1+(x-2F

= Fix) = 2x - 2) o,

ﬁx}=ﬂ:&2(:ﬁ—2}=ﬂ =x=2

2 =1+(2-22=|

. = the sign of Fix)

iy A |

A R S R
{'is decreasing i % mcreasing

the poant {2, H{2)) = (2, 1} reprosents the local mimmum podnt .
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APPLICATION OF

b ) = 1 —(x—2)°
0= -2x-2)
&
fixi=0=2(x-2)=0=x=1

fi2)=1-(2-2)"=1

PR f\. the sign of f {x)
f"ﬂf
- x:x>2)
fis decreasing

The point {2, §2))=(2, 1) represents the local maximum.

) fix)=x7— 0x? + 24y
=P(x) = 3x2 - 18x + 24
fiix)=0
= - 18x+24=0
3 —ox + 8)=1)
Hx-4)(x-2)=0 = x=4,3=2

f4)=16 - f(2) =20

R o T o T L S B R
A |— = =} i ———
4 """i-\.\_‘_ W
— = o 3
" inereasing decreasing mCreasing

{x1x <2}, Ixix>4]} [ is increasing
on the open interval (2, 4) f s decreasing.

(2, 20} is local maximum point.

(4, 16} is local minitum point,
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APPLICATION OF DIFFERENTIATION

3 - 6 Concavity and inflection point

e Y
f
- 0 X
Concave down Concave up
Tx)<D i) =0
(Figure B) (Figure A)

Definition 3-4

If f is differentiable on (a, b) and it is said to be £15 concave dow, 1T is decrasing on the given interval and

- . . ;_ - - - -
il s concave up 1T T is incrasing on the given interval,

The curve 15 over the tangent lines on {0, by &= The curve is concave up

The curve is under the tangent lines on {a, b) <= The curve is concave down as shown in the figure A, B
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‘:Ei \ APPLICATION OF DIFFERENTIATION
(Theorem 14

If f 15 difmed on [a, b] and £ is taice differentinble on (g, b) then fis concave up if

= 1
 wxefab) T@>=0 | (\_/)

LOlEa Ve L

and 1 is cancave down on (4, b) il [ satisfes

vxeab) Fro<o | (/N

conceve down

Examinc the concavity of the following functions,
ufnf'l;x}=:3 hj ﬂx:|=:|3

1) fixi=x* y=X

Tix)=2x

F
2F

3
T{x}=1 (x}=0, ¥xe IR X

I'is concave up on [R

LS

b fx)=x N
Ty =32

7T ol
T =0= 6x=0

T

1=10

f0) =0 :

y=x

1
|
| ]
|

. the gign ::.F'ﬁ{ﬂ

concave dowi CaRSIY L
m1x<il] 3 =
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APPLICATION OF DIFFERENTIATION

Definition 3-5

The gui where [ changes Frorm conesve up 80 voncave down. o (concare down Lo corcove wp) s called

imflecLion paant .

4 't Y —ir=0

X

_|||v .ﬂ

A I

L ' X

Exarnine I{xj = 237 - 34° - |22+ | Jor concavity and Mod infleclion point.

Solution

Prxim zed - Eo 12y - |

Tra) = baf —fx— 12

Tix1- 5244

= L F 1
"=0s 1 -6=05 =, rh): A

i
=

i 3

copeave down

#
the s of P'fx)

= % i% 8 passible v lechon poim
. |
[ is concave up un i:;:n }EI

I
F 15 coneawe doram gn £ 5% < ?

Then e poinl [% - 1 £ el ion povinl.
! !

a
2
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APPLICATION OF DIFFERENTIATION

Find 1he iniervals of concavity and inflection points of Tallowing Amcnons.

i} E1}=4};1—xd
b} l{x}-x-rl, EEQ
X
Tifshm & o fx + 20
Al Bxhwd-Fgad

¢ Rap- s 1 323

Solution

2 BEap = edued — 54

'i'{::]-= 122 4yt

E2
Finh=2da - 1238

= 3
M=oz e —1x-rdz |22 -x)~0 = x—0, ¢ ~2

=0 &=k

(0, & 2, 16)
.inl'l-ac_li-nn infladitan
et [nm
=
g i Lhe sipd o[f{x}
r'/rﬁw'. ."F-\'l
COLOY S CHak i COfca e Jawh
'K K% L s el 4 ]

(0, 0pyand {2, 16) are inflaction poims.
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APPLICATION OF DIFFERENTIATION

1
by fmy=x+_n EwD
0 -~
By =1-— 5 | S
: 2 ' 'I
il ™y
{xi b F CoOMEive d'i.'l'i'i'l'l cUeEE up

bxrx<0}) . f}

A
' (0} 15 undefined

The inflection poeint does not exist since 0 € domain of the function.

¢ hix}=4-(x+ 2y
/|1tx]|= —~gx + 2)°
4
hix) =12 (x + 2)2
4
/h{?"-]=[|=* ~12(x+2¥ = x=-2.f{-2)=4

(-2, 4)
i
e S S I = the sign of h(x)
COMmCcaYe Ijl.l"."r'.'l concave dowmn
Ix %< =2} [x:x>-2)

Since the concavily does not change around x =—2 then the inflection point there does not exist.

d) flx)=3-2x—%
Ty =—2- 2
Bx=—2<0
f is concave down on IR
Then the inflection point does not exist
el fixp=x*+ 333
/I'{n:.} = 4y Hox
z
= f(x}) = 12x2 2620 xe IR

f 15 concave up on IR
Then the inflection point dose not exist
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APPLICATION OF DIFFERENTIATION

3 -7 The second derivative test for local maximum and local minimum J

In our previous kessons we have seen that the first derivative test lells us whether eritical point 15

i local extreme or nol,

Mow we mstead of firsts dervative test we can sometmes use the second denvative test (o

determine the kind of local extreme.

Let ¢ be a critical point of [ then:

1} ifﬁu} = Uand?[c] <0 then I has a local maximum at X = ¢ 50, (¢, W) I8 local masimim pein
p
2 if“f‘fr:]n= Uandf’{ﬂ} = () then [ has a local mimimum at x = ¢ so, (¢, [¢)) s local minimum polnd

A #
3 it‘f' cy=10 ﬂrﬁuj is undefined then this test fails, (we use the first derivative test instead.)

By using second denivative iest find the local extreme of following functions.
a) fix)=6x -1
b} fix)=x- i xl
ki
) fixp=xd -3 xd ooy

d) fixj=4-ix+1*

al fix)= 6x ~3xd-1

fixd=6—-6x
f{x)=0
d=fG-=x~-1
7
f(ly=-6<0

- e i ,

f(17=0and (1)< 0 then { has a local maximum at x= |

(L ALY =(1, 2) 15 local maximum point .

125



APPLICATION OF DIFFERENTIATION ’!E’

b) f{m=1_i1 x#0
o
P = 1 +i3
- b
f(x)=1

ﬂ=1+ij=n:3+f~t=ﬂ=x=—2

By
3
p 24
/f'EH] e— second derivative
X
te=-Hop
16

'Hﬂ—I] =) andﬁ%{—z] < () then there exists a local maxium at point x =2

(=2, f{=2)) = (-2, -3} 15 local maximum point .

¢) fix)= x*—3x —Ox
/f{x]-_';:l-:l- 6x =19
/-\.
f(x)=0
0=302-2x-es0=3x-3)(x+1)

== x=3 x=—]

FIENS

(x)=06x—-06

2
x=3=f(3)=1R_6=12>0
f(3)=27-27-27=-27
(3. =27) is a local minimum point
x=-1=3F(-1)=-6-6=-12<0
f-1)=35
(—I, 5) i3 a local maximum point
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dl fix)= 4 -(x+ 11t
Prxy = (x + 1)
Tx)=10
De-dfx+ 1P =x==]
¢
fiix)==12 (x + 1)*

_,.l"
Pi-h=0

This test fails , we use the first derivative test instead

WTEARIN decreasing
11 % Fx =]}

f{=l)y=4-[-1+ !f=4 . (=1, 4} 5 local maximum point

Let fix} = x° 4 % ., x#0 aeR
Find the value of (a) knowing that fhas an inflection point at x = 1, then prove that f has not lecal

Maximum point.

P
fy=at Lafg=n-—Lufm=2+2
% 11 -
-~
Tm=2+42 9
(1y’

wmil4dp=0=ma==1]
|
i) = .'-'.3——
X

o 1
= f(x)=2x+ s
y2
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ﬂ?m=nﬂh+lz=n

X
W ==l=x =-—I
2
-VT
X=—A—=
= 2
# # e
‘1"'{:]=1—i]=s"i‘:x}= 1——1T Plx)= 650, ¥xeIR
X o
2

oatx =—:|‘.||,|| é, { has local minimum, {has not local maximuom,

Find the values of & and b so that the curve v = %7 + ax® + bx has local maximum at x=1 and

lescal minimum at x = 2 then find the nflection point if it exists.

Solution

y=x" +ax? + bx

B 324 2 b
dx

ginee [ has local maximum at ¥ = -1 then
dy
So—=—=0
dx
0=3-1P+2a.(-1)+b =3-2a+b=0_........ (1)

since [has local miminun at x = 2 then

W
dx

0=32F+2a.(2)+b = 12+4a+b=0.....(2)

by solving (1) and (2) together
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‘:!{ APPLICATION OF DIFFERENTIATION

=any B
2
: N [
Lys1-—x -6
. 2
2 3
=di=3xz—3:—ﬁ =ﬂ=ﬁ:—3-u=ﬂ =0x-1=0 = :It=l
e dx’ dx? *
1
_______ T o d

concave down COMCAVE UD
I

1% 0% < =] TR
-]

1 1 e : :
- == | 15 Inflection poinL
27 4 ] P

22|

Example 4

If the functicn of curve is {[x) = ax? + bx? + ¢ is concave up on {x ! x < |} and concave down
(X x> |} and it 15 tangent 10 the line ¥ +9x = 28 at point (3. 1) then find the values of real

mumbers a, b and ¢

Solution

Since f is continuous because it is polynomial function and it is concave upon {x :x < 1} and
concave down on {x @ x = |} then il has an infleciion point on X = 1.
-
* Pix) = 3ax? + Ibx
%
[{x)=6ax +2b

&
fil)=0=6a+2b=0..... dividing by 2
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APPLICATION OF DIFFERENTIATION I! E’

Ja+bh=0=b=-3a....[1)

dy + HE ] ceeennes By differentiating both sides of y + 9% = 28

T(3) is slope at x = 3.
P(3) = 27a + 6b
O =27a+6b
~3=9a+2b ... (D) dividing by 3
the point (3, 1) satisfies the equation y = ax? + bx? + ¢,
LodlavrSh+e=]......(3)
by solving (1) and (2)

3=0a+2(3a) =a= -1 =h=-3(-1)=3

from (3} =237, (-1} +9.(3)+ec=1 =e=1

If fix) = ax® + 3x* + ¢ has a local maximum equal to 8, and inflection point at x = | then find

s R
At x = 1 there exists nflection point.
(=10

Pix) = 3ax2 + 6x
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APPLICATION OF DIFFERENTIATION

ﬁ"{x‘}=ﬁa;+ﬁ since 5;‘[11={1
L0=6a+b=a=-1

fix) = —x3 +3x? + ¢

Pix) =322 + 6x

?{x]=[l;:r

I+ =0

=3x (x=2)=0 = x=0, x=2 critical points

- ' . - sing nfﬁ'ﬂ

E‘ax‘\x‘ua > 2\

.. [ has local maximum at x = 2

c. {2, 8} 15 local maximum point and satisfies the equation of curve,
fix)=—x¥+ I = ¢
LB=EF 12+

=c=4
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Exercises (3—-4)

1) Let f[x:}:af —6x + b whereby a € {—4,!5},hE R find {a) value if:
) The function f is concave down. b) The Function [ is concave up.

2) IT {2.6) is a critical point for function curve r{;): a-(x- b}J' then find a,beR and show type
of crifical point.

NI g(x)=1-12x, f(x)=ax’ +bx’+cx  aretouching interscct each other at inflection point
and the function f has inflection point (1,-11) , then find the values of constants a,bceR .

4) T 6 represents a local minimum of function curve  F(x)=3x"-x"+¢ then find
c€R and find equation of tangent at inflection point,

510 F{x }: ax’ +bx® +ex and Fis concave up ai WX > 1 and concave down at '¥X <1 , and the
function has local maximum point at (-1 ,5), then find vales of constants a,.b,ceR .

6) Let f(x)= X -2 ae R, x =0 | prove that the function has no local maximum point,

X
7) The line 3x-y=T is tangent to the curve y=ax*+by-+c at (2.-1)and it has a local end at

1
X ‘—_E..ﬂ'ﬂl'l find value of a,b,c € R, what type of the local end point 3
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APPLICATION OF DIFFERENTIATION

[ 3 = 8 Graphing function

In arder to sketch the graph of a function use the following steps.

. (the set o f all possible values of x.)

If fi—x)= fix} then s called even function and it is symmetric with respeet to v — axis.
If fi-x) =—{x) then [is called odd function and it is svmmetric with respect o onigin.

1.
for x = 0 we find y — intercept,

for y = 0 we find x - inlercept.

When plotiing the graph of a function, we need (0 know the behavior of the function at infinity and the

behavior near points where the function 18 not defined. To desenbe these Guations we define the term

"asymptote,”
B{x)
If y= ) rput  hiix) =0 %= alvertical Asymptote )
X
. niy) ;
if x= = , put m{yl=0 y=Db(Horizontel Asymptote )
miy

o~ b4
Find f(x). f'(x) and intervals of increasing, and decreasing local maximum, minimum and inflection poini.

Find additional points (which we uge them to sketch the graph.)
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Example |

Sketch the graph the function fix) = x° using differentiation,

Since f1is polynomial funetion the Domain = IR,
The point (U, D) x- and y - intercepts.
vxelR, 3 (-x)e IR = fi-x) = (%)} ==x% = f{—x) =f{x) fis odd function.
It is symmetric with respect to erigin
f has no asymptotes. Because the function is not rational function
i -
Pix) = 534 Pix)=0=>x=0 = (0,0

- : — = signof f:(}l:}

T

{x:x <0}, {x:x>{} increasing I,

the point {0, 0) 1s cntical pomt.

e 3
P{x) =200
&
fixj=0=x=10
_______ 0 ¢
- + signof '{x)
Y Nt
o
conanve down camieay e Up the point (0, 0) is inflection point.
ix:x=<0} T ]

134



APPLICATION OF DIFFERENTIATION

¥4

{L 1)

' -y
(-1,-1) |9

Sketch the graph of the fimction v = %7 - 3x + 4 using differentiation.

i)
2}

3

4

A

Sinee y is polynomial fmction, domain of v is IR
x=0=y=01-3(07) +4=>y=4 (0,4 isy— intercept,
vxelR, 3 (-x)e IR = fl-x) =(=x) - 3-x)*+4
=—xd = 3?4 4 2 fix)
so fl-x)= —-fx). fix) = fl—x) the fumction 15 netther even nor odd. and Fis not symmetric.
{ has no asymptotes Because fx) & not rational function .
fixy = o) — 362 + 4 =Pix) = 3x2 -
Pa)=0 =32 fx=0 = Ix(x-2)0
=i=0, x=2
=4 ==(0,4)

f2)=0 ={2,0)

| ET— 2 .
A __...,_;\\ : e sign of fix)

Fis increasmgonjx  x <0, {x:x>2]

[ is decreasing on open interval {0, 2)
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APPLICATION OF DIFFERENTIATION zt’

the point (0, 4) is local maximum, (2 ,0) is local minimum point
Fix)=b1—6=TX=0>0=6x-6=x=1

sign of gi’{x]l

\ f
W

concave down  concave up
ix:x<1) (x:x>1)

fi1y=2=(1,2) 1is inflection peint, ¥

6) e

1,0 (2,0)

Sketch the graph of the lunction [(x) = % by using dilferentiation,
+

I} denominator can not be 0, Let: x+1=0=2x=-]
Domain= 1R - |-1]

2} Since 1 belongs w domain of T but (-1) doesn't belong 1w domain of f. then the curve is not

symimetric to y—axis and not symetric to origin
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‘:E APPLICATION OF DIFFERENTIATION

i x=0=y=-1 =(0,-1) = y- intercept.

| | .
y=ﬂ:‘>x=E :}(—]nl]) = % — Intercept.

4, x+1=0 = x=-1 (vertical asymptotc)

ﬂx]=3f=%:b-yx+}r=h—I::-}rx—_’rx=—l -y xy-3=-1-y
:&IF_]_F
y—3

y-3=0=ry =23 (horizontal asympiote)
Short way:  (Not always correct)

o - :
iy O 3 horizontal asymptote

(x+10.(3)=(3x = 1).{1) . I+3=-3x+1 . 4

3. Plx)=
(“_”1 I[Jl:+I:||1 [:r.-|-'|'_|1
R LY - > sign of Tix)
. -.-' '-[ - &
fx :x < -1} increasing - s

fx : x > -1} increasing f o : Phs % rbech]

f —
T+ 2=k w=8 e )= —
{(x+1)
b e e &
’_Gl sign of ' (x)
. .nu:_r- eup concave down
| I XX w1
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APPLICATION OF DIFFERENTIATION

function has no inflection point because (—1) doesn't belong to domain of £

i

e

]
:rl\_]. i
i
3
e ——— ey — r——ppp e i B
MR ¥ T o240 0] gl 2045818 3mIHA1E

E== == mar

=l
Example 4
Sketch the graph of the function f{x) === by using differentiation.
27+

Solution

17 Domain of f=1R

Dx=0=y=0 ..(00)isx-y- intercepts.

YxelR, J(-x)elR

) 7
(=% X

3 f—x) = = = fix)
RIS

2~ Fis even function = £ i symmetnc with respects Lo y — axis.

1w+ 1500 then [ has not vertical asympiote

)

fixy=y= -f].rxl.—y=:¢3
2+ a
- 2l =1)=-y

= 1;2=..:....=..3,'— I=0=y=]
y=1
then f has (horizontal asymptote)
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APPLICATION OF DIFFERENTIATION
2 2
5) T"{J-;'|= (X" + 1M 2x)=2"(2x)
(x2+1)°
X
— :D == X=10 - :|"={|' = :LL {]"]
...;H; - '.:II - r.ipc—f&:}
Jc:l'&:!?l;:q““ﬂ-“ L 12l
[x:x<} i '
(0, 0} 15 local minimum paint.
2 2 a 2 Z
ﬁ.ixl: x4+ 1) {E}:E:‘{EHK + 1) L 26K ='|:|'=-1=:I:L sign of /f(X)
&+ 1) 2+ 1y 'E
I I
....... '1'.? e e

concave down (111 i

Fo K

copeava down

£ N

fix) concave down on lv"ih"i{ 'ﬁ} [ NX> —‘!r]'i—]»

fix) concave up on open interval |'

.-J'IE' 13]

34 q3°
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APPLICATION OF DIFFERENTIATION zt’

Exercises (3-5)

By using the differentiation sketch the graph of the following functions{ curves)
11 fix)=10-3%-x2
2 ) fixFatedu+3
3 fixp={1x ) +1
4) ﬁ.‘-:}=ﬁ}[*:{]'
5) f{1}=i
6 f( :n:]=x;1

x+]

70 fxp=(x 2 (x-117

1
-
i [' =
$11(x) X+l
9) l[xFIxz-x‘

10) F(x)=—
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APPLICATION OF DIFFERENTIATION

3 -9 Optimization (Maximum, Minimum) Problems )

By using differential calculus we can solve many problems that call for minimization or maximization a

problems to get matimum area, minimum veloeity, ... etc.

strategy for : solving Max- Min problems:
1) Draw a picture and name the vanables and constants,

27 Wrile an equation thal relates the variables,
3) Differentiate with respect to the varlable to test the critical points and end points,

Find tho number when it is added to its square the result is the as small as possible,

Solution

Let the number be x, and its square be x°, fix)=x +x*

T=1+2%  F=230

Pix)=0 1'—23=l}==rx=—%

£1 1
fl-—=|=2>
( 1) 2>
thie local minimum at x =—;

* the number is —;
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APPLICATION OF DIFFERENTIATION

A squere sheet of copper 12 ¢m on a side 15 to be used to make an open top box by cuttimg a small
square of copper from each comer and bending (turning) up the sides. Whar is the greatest volume of

this box ?

X

12-2x

12-2x
Assume that the length of the side of square cut is x cm,

Adter it is bent up (tumed) the dimensions of box are

% 12-2x, 12 -2x

Volume of box = the product of three dimensions,
ve(li=2x) (12=-2X) X
v =[x} = x{144 - 48x + 47

v = fix) = 144x — 4852 + 4x°

dv _
dx
= 0=12(12-8x+x)=12(6-x)(2-x)=0

N f= 144 -96x+ 127 = 0
dx
— x=f,x=2 are critical numbers.

Mote that 6 is neglected because it is impossible to be x = 6 the volume is maximum at x =2 and

the volume is
vefi2)=2(12 -4 = 128 em®
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‘:E APPLICATION OF DIFFERENTIATION

Example 3

Find the dimensions of the largest 1sosceles triangle which is inscnbed in a circle of

; . g o AN
radius 12 cm. Then prove that the ratio of area of trangle to the area of circle is e
n

Let's assume that height of triangle 15 h, the length of its base is

b=2x (o get the relation between the variables by pythagorean theorem.

x2+(h- 1202 = (122

x2 +hi=24h + 144 = |44

x? = 24h=h?
x =N 24h-h°

A =é[h}.h =El{1x]n-h=h;u = A=f(h)=hY24h-h° =4 h3(24h -1}

— A= [(h)=N24h"-1*

cenennd DY differentiating both sides. )

=0 =720 -403=0 =4h2(18-h)=0 =h=18em

. height of riangle is h = 18 em
x=N24h-h? = x=N24. (18) - 18 > x =643 em

-, the base of triangle is b= 2¢ = (2)(643)= 1243 em

the area of circle = A, = ar> = n{12)? = |447 cm?

the area of triangle = A, =%hh= é (2% ) h= %.{z}wﬁ}uah 10843 em”

1084 3 ; W3

arcaof trizngle A - (Q.ED)
n

S
areaof circle AI 144x
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APPLICATION OF DIFFERENTIATION w

Find the dimensions of the largest rectangle which can be inseribed inatriangle whose length

of its base is 24 cm and the  height 15 18 cm. such that two of the vertices arc on the base and the others

on the legs.

Lt the dimensions of the rectangle are |&
X
length be x.
— : .
width he v, —
T V -
24

the relation between variables ©
triangle { bir ) and {beg)are similar triangles since the correspording angles are equal. So the correspording

sides their are proporiional.

|ba| =1 8-x
r ba y 18-x 24 4
e i e, Tl e = — (183 =v=—([I18-
s o R T e e
; el dx 4 2
area of rectingle A=xy = . E“E_ﬂ fix)=A= T{]E—x}=E[IEx—:ﬂ. }
Tix) = ; (18 -2x)
Tixi=0=>x=9
ﬁix}:—i
Foy=—2 <o

o Thas maximum value at x = % cm
y:%{lﬂ—ﬂj: 12 cm

S y=12cm
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APPLICATION OF DIFFERENTIATION

The sum of perimeter of a circle and a square is 60 cm. If the sum of their areas 1= minimum then

prove that the diameter of acircle 15 the length of the side of square.

Let the radius of circle 15 r em, the length of side of square s x ¢m,

Perimeter of square + circumferenc {perimeter) of circle = 60 cm.

- dx + 2nr = 60 em

=L o= Ll[JllII'— %)
n

the function = area of square + area of circle.

A=nt+ar

A=x+q Iliau-zx)f
R

A=fix)= x?+l{rmn_ | Hix + 4x2)
m

A=) =2+ # (120 + 8)

A=f)=0 = {I-In+£E-IEﬁ*E'm} — 0=nx+4x-60

= 60 =mx + dx

xin +4) =6 = x=i|::m
m+d

.'.r=l(31]— 120 )= i e = x = 2r = diameter
f n+4 T+4
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APPLICATION OF DIFFERENTIATION

4 |
Plx)=2+—(%) >0
19

The function § has lecal minimum .

(Q.E.I)

Find a point or points which helogn to the hyperbola v* - x% = 3 that are nearest dosest to the point. (0.4)

Let’s assume that the pomt P{x, vy} belongs to the hyperbola yz - %% =3 and satisfies the

epLeat [Of,

S b e DTSRt |

S=A(+0) 4+ (y—4)" ... distance berween P(x, ) and (0, 4)

oSy B 16 s (D)

o B S T, substituting (1) in (2)

=42y’ =By + 13

4y -8
Eﬂgll}rz— 8y + 13

Pvi=0 = dy-8=0= y=1

Py =

. gli=y?_3
xt=22_13
X2 =43
2= |
=%l . the points (1, 2) and (-1, 2) are the nearest chosest possible to the point (0.4) .
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APPLICATION OF DIFFERENTIATION

Exercises (3-6)

|| Find two positive numbers whose sum is 73 and the product of one of them square
of second one is largest possible
21 Find the height of lergest right circular cylinder which can be inscribed in a sphere whose

radius 1543 cm.

3) Find the dimensions of largest rectangle which 13 inscnibed into a sermcircle whose radius 15

442 cm.

41 Find the largest possible area of an isosceles triangle whose one side is 8V2 cm,
5) Find the largest possible perimeter of rectangle whose area is 16 cm’

6) Find the lest possible volume of right circular cone that can be inscribed in a sphere

whose radius s 3 cm.

71 Find the eguation of a line which passes through the point {6,8) and makes a smallest

triangle with two coordinate axes in first quadrant.

8) Find the dimensions of largest possible rectangle which has its base on the x-axis and its

upper two vertices on the parabola  fix)=12-x2. Then find its perimeter

) Find the dimensions of largest right circular eylinder which is inseribed in a night circular

cone whose height is 8 em,and the length of diameter of its base is 12 ¢m,

10} Find the largest possible volume of right circular cone which 8 formed by revolving
the vertex of right triangle around the one of its right sides whase hypotenuse is 63 cm,

I1) An open top cylinderical container whose volume is 125z e Find dimensions of the

cortainer so that the arca of metal used is least possible

12} A parallelpiped tank whose length of base 15 twice of its width.If the area of used metal to
make it is 108 m* .find the dimensions of the tank so that the volume is largest possible
knowing that the tank 15 covered compeletely.
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INTEGRATION w

Chapter (4) : Integration

4-1 Regions Bounded by Curves

4 -2 The Lower and Upper Rectongles

4 -3 Definition of Integration

4-4 The Fundomental Theorem of Integral
4 -5 Properties of Definite Integral

4 -6 Indefinite Integral

4 -7 The Natural Logarithm

4 -8 Plane Area by Delinite Integral

4-9 VYolume of Revolution

Term Symbaol or Mathematical Relation
Partition of inter O =(X X, «ev +Xg)
Lower Rectangles ‘ L (G, f)

Upper Rectangles U(c.,D
Sigma ‘ o
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INTEGRATION

- | - Regions Bounded by Curves

C )

In previous classes, you have studied calculating the area of the regular shapes shown in the figure 4 — 1.

. / Az Az Al

(Figure 4 =1}

In the figures above A s reetangular region, A, is triangular region, A4 is trapezoid region and A, is
circular region and of course you know how to calcolate arca of these shapes.

But the region of A in the Figure 4 — 2 is called polygonal region and
its ares cun be caleulated by dividing it in o (nsngular regions
Ap Ay Ag Ay,

Itsareais A=A A, +A;+A,

{Figure 4 -2) By the same way we can calculate the area of regular polygons by
dividing it in to region of triangle, square, rectangle... atc.

But the region of A which 15 shown in the figure 4 - 3 is called region under the curve £ and i1 15 the se1

of points bounded by the curve, x — axis and the lines x =2, x = b.

¥

In the figure it is not possible to divide it nto regular shapes
{trianglc, square, rectangle,...)

How can we calculate this area?
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INTEGRATION | &’

k1

1

]
A is langest rectangular Ads the region under the curve.
TeEN N region A,

4

A is the smallest rectangular
region out side region A.

{Figrure 4 -4)

1) Area of region of any shape is a non-negative real number.

2} Inthe figure 4 - 5 if A' = A then the area of region A' = area of region A.

(Figure 4-5)
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INTEGRATION

Finding the Approximate Area of any Region

In the figure 4-6, A is region under the cantinuous curve [, find the approximate value of arca
region such tha

A= {xy): 25555, y=4x-1)

We draw the largest reclangle (abed) in the region A whose

¥ base is from % =2 to & = § such that A,c A and this area
A =ab. ad=(5-12). 1 =3 unil square.
d il By the same procedure, we draw ihe smallest rectungle
d < iabe'd)which contains the region outside the curve and its
&1 A b ) buse is fiom % = 210 % = 5 let it be A such that A= A] et it be A)
. 7 and this aren is A =ab . odf = (§ -2} . 2= 6 unit square,
(Figure 3-6)

T ARARAS

" Areaof A; <area of A < area of A',
J<careaofregion A< 6
Therefore, the area region A is averape of these two areas,

Ao+ A : . ;
152 2348 _ 45 unit square is approximate value of area of the region A.

=

2

In the Examplel. A, is arca of rectangular region whose height is {ad} which is minimum value of
function on [2, 5] and we will symbaolize it byim)-A'| is area of rectangular region whose height is
{ad)which
is maximum value of function on [2, 5] and we will symbelize it by{m] -

As you learned is Chapter-3 mithe minimum value of continusus function on [a. b]) and also
Mithe maximum value of the continuous function on (&, b]) can be found by one of the end points
of [a, b} or the entical point.
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INTEGRATION

Example 2

Find the approximate value of area of region A if

A={Ly):1€x€2 y=xt+1}

Solution

¥
i

A, the largest rectangular region in A its base is from i (2.5)

x=1wx=2and height ism =2, Al

Ay =2(2-1)=2unit?
(.2
M) the samallest rectangular reglon ontside A its base is from :
x=1tox=2and helght height s M =5 .
ol | 2

A'=5(2-1) =5 unit’ (Figure 4-T)

Since Ay SAC A

S0, the area of A| < area of A < area of A",
23A53

And approximate value of area of A 18

A A +
A= l-; |=125=].51mit1

Lewwer and uppper bounded soc the sum of rectangular rea in (A] apd the sum of rectangular axes outside (A)
[he :Fl.;gl.l.rc-.t 481, 04 4,04 - 18] e:rp]uln thiat

Y K X i

§ f ;

: Ay E

: Ay rectangular segien Ay rectangular region in A, A is region under curve .}

: ot side A |
(Figure 45}
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INTEGRATION

i Al
: Ay |
1T 3 s 1 3 s a1 3 s

Al LAY AlAy
Reciangular regions containg A, A regionunder Cerve Rectangular regions m A.

(Figure 4-9)

In the Figure 4-10, base [1, 5] is divided inio four subintervals.

f -

A

Ap Azl As| Ay
s -
AT I IR T R A

Reclangulur regions contams A, Regoon A under curve [ Rectangular regons i A

{Figure 4-10y

In the figure 4 - 9 the interval [1, 5] is divided into two sabimervals [1, 3], [3, 5] in this example
the subintervals are called partition for the interval [1, 5). And symbaolize by o= (1, 3, 5). sigma notafion

In general, if we want 1o divide the interval [2, b] into (n) partition (equal) then the length of each

interval will be b= 22
n

In the figures (4-10) (4 -11) {4 -12) the interval |1 ,5] is divided into foor sabintervals [1 -2],

[2 -3], [3 -4] , [4 -5] and shown by
(3=11,2,3,4,5]. 50 the approximate value of area of A is more accurate,
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INTEGRATION

i ly J!'I J” :
! r ‘
' Ay :
; Aj|Az|Agf Ay :
Vool 2 9 & = it
1 | H C

B e T I i o o i e e e e e e e o i

(Figure 4-11)

= m = = = R = e R = == o R e e e

Al Al A A

brsssmssmsmans

[Figure 4-12}
Find the approximate area of following region

A={(x,y):25x%5 y=x1+1) using the partitions

a) g=(2,3,5) b) 03 =(2,3,4,3) 3 36)

" A
Solution 3

1 o= (2,1, 5) (3,100

Ll
Since the partition is @ © (2,3, 5) then the interval (2.5 i
I

[2, 5] will be divided into subintervals [2, 3], [3,5] t 3 3 5
Ap+ Ay =1 (542 (10)= 25 unit?

{Figure 4-13)
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INTEGRATION

A+ A =1010)+2(26) =62 unit?

Since sum of the area of rectengular regions inside A< sum of the area of rectangular regions which

outside A

25: :43% unit® j¢  approximate value of area of A

E

L OMN<LA<= A=

)] U1= {2. 3, 4.5)

Since the partition is o5 = {2, 3, 4, 3) then the interval
|2, 5] will be divided into subintervals [2, 3], |3, 4], [4, 5]

AptAyT A= 103+ 1(10)+1(17)
=32 unit®

Hll +.|'!i.|1+.liln'3' TCIn )+ 1017+ 10 26)

= 53 unit?
L
A=2A5 'El " |
2 2 (Figure 4-14)

As we see n the fgures above as the numbser of portitions increase then the difference between
the sum of area of rectangular regions in A and the sum of arca of rectangular regions containing

A decreases regularly.

In the previous example when partitions were (2, 3, 5) the difference was 62 - 25 =37,

when partitions were (2, 3, 4, 5] the difference was 53 - 32 =21

4-2-The Lower and Upper Rectangles J

In the previous scction you leamed finding the sum of arca of rectangular regions in A and sum of arca of

rectanfgular regions which contain A (curve)
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INTEGRATION

In this section we are going to introduce the function £, T : [a, bl — IR which is continious and we are going
o find sum of the area of rectangular regions m A (Lower Rectangles) and the sum of the area of rectongles
containing A (Upper Rectangles ) such that A is region under the curve [ In the figure 4 - 15 :

13t Assume that fix) 2 0, ¥xe[a, b] such that & = (xg, X, X, X3, %4) and the area of rectangular region
Ay whose base 15 bounded on [x, x,] and its height is {m) then

Ay =my . (%) — xg) where my(the minimum value of function on [x;, %3]}

By the same way Ay = my (%2 = %) where its base is bounded on [x, x,] and height is (m,).
Therefare, the sum of area of rectangular regions in A which is shown by L{e, f} is

L{ﬂ, ﬂ = m1 {x. —I“}"' |ﬂ1{3¢1 =X |:| - ﬂ'la_{xs E II:I"P md{qu - 13}

o Notice that,

Lia, fi <arcaof A

Ny X X X3 xgh

[ Figure 4-15)

Wy

A=y X| X3 X1 xeh

(Figure 4-16)
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INTEGRATION

By the same way in the figure 4-16

The area of region A'| whose base is bounded on [x,, x,]is M| . (x| — %) such that M | is the

maximum value of fanction on [xg X, 1.

The area of region A'; on [x, X3] is

Alg= Ms . (% - %)) .. €L

The sum of area of rectangular regions containing A which is shown by Uiz, )
UE.D=M,. (x)=Xgh+ My . (5 = X))+ My . (3= %5} + My - (g = %5)

Motice that,

Utg, f) 2 Lio, f)

L{w, f) <arca of A <U{g,

* the approximated area of A under partition © is

= M DD

27; If we don't obligate being f{x) =0, ¥xe[a, b] as shown in the figure 4-17 then it is possible

that m{the local minimum value of function) can be either negative or positive or zero.

However Lio, f) can be either negative or positive or zero and L1(o, f) can be either negative or

posilive or Zero.

Since the area can not be negative, we call

Liw, f) lower rectangles

¥ Ao, ) upper rectangles

(Figure 4-17)
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Let fix)= 5+ 2x, £: [1, 4] — IR Find L{cs, 1} and i, f) using 3 partitions.

We divide the interval [1, 4] into 3 subintervals.

h:b_a:“_T_I:]_ :‘152{[.2.3‘.4}

The intervals are [1,2], [2,3],[3. 4], fix) =5+ 2x :}'f‘[:t] =2={

. there is no critical point and function is incrensing in its domain. We can find the valee of

Lig, f), (e, {) using the following table where m, is the smallest values, M, is the greatest.

-l 0 (R W T
B U [m-siz—7 [M=504=9 | 7 | 3
[2,3] | my=5+4=9 Mz=5+ﬁ.=1‘t g 11
3.4 l my=5+6=1] [ My=5+8=13 1 13

o Ehmi=Lim, =27, ZhM,=u{e, =3
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Example 5

If fix)= 3x-=x f[0,4]— IR, find cach of L{c, fj and (o, ) by using 4 equal
partitions.

solution

=o=(0,1,2,3,4)
[0. 1], [1, 2], [2, 3], [3. 4]
t'(:-:}-::‘:—ﬁ:-fi;'[x]- -k

Tix) =0 =x=%e[1, ), 50 critical point is on interval  [1, 2]

; sing char of ix)

o Ehimi= uu'r ﬂ =_:l E hiMj_=LI{ﬂ':, ﬂ= E%

note that : Lig, f) £u.4q, f)
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INTEGRATION w

Exercises (4-1)

Find U(e,£], L{e,F) for the following
D f:[-21]2R, f(x)=3-x
a) o=(-2,0.1)
1) The interval [-2, 1] is divided into three regular sub-intervals
2if 1:[0,4] 5 R, f(x)=dx—x" if 0=(0,1,2,34)
3 f:[L4] R, Fx)=3x"+2x
sre=(1,24)

11} Use three regular partitions.

[ - 3 - Definition of Integration

If f:[a, b] - IR is continuous on [a, b] and Lig, f) < s, ) then there is a certain "k" where
Lia, £} = k = {a, ) for cach partition o to the interval [a, b]
We call the numbser k the definite integral for the function [ on [a, b] and show by

T

and read as integral of f from a to b, a, b are called limits of integral.

(Notes ) h
I} If fis continuous on [a, b] then Lis, ) < ff{x}d: < e, £) so, the approximate value of the

integral is L

LD+t
f Mgoes——
i
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‘:!! A INTEGRATION

b
2) If ¥xe [a, b], fix) = O then f f(x)dx gives the area of the region A.  under the curve ' whu

nonnegative number, i
Here dx means {indicates) that the values of a, b are the values of the varniable x.

Y

i Figure 4-19)

3) If f{x)<0,¥x< [a, b] then

ff{x]d:-: <0

Hi

And this doesn't mean the area,but the area of the region

A shown in Figure 4-20 is

b b
—ff[ll:]ld:t: ff{x]dl
a a

i
v

i b
%,
A

(Fisure 4-20)
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INTEGRATION w
b

4} The value of f f{x)dx depends on the interval [a, b] and the function f{x).

i

3
Let fix)=x>, F[1,3]— IR then find the approximate vaule of J x2dx  if the interval
|

[1, 3] is divided into two sub intervals.

Solution

fix)=x% [ is continuous on [1, 3] since it is polynomial function.

'f‘{x}l = En,'f‘[:-:] =0 = 0=2x = x =0 is critical number but 0 ¢ [1, 3]

pet=a_3-1_,

- 3l
[a, b] (subintervals) | b-a=(h) h m, h M,
2.3] ! ' 3

. The local maximum and local minimum of each inervals will be on the end points
of each interval [1,2],[2,3]

Lig, =1(1)+1(4) =1+4=35

Uig, =14+ 1{=4+9=13

5+13 :
; f xdx = J; =9 approximatelly

162



‘:!! INTEGRATION

If £ [2,5] = IR, fix)=2x -3 then find ff{x].dx
2

Motice that fix) >0, ¥xe[2, 5] ¥

3 {3, 7)

-, the integral f f(x).dx will be area of A. and it is
4

trapezoid region. .

. the area of region A is

I 2 3 4 5

{ Figure 4-21)

A =— (sum of two parallel bases) x height

1
2
] A=% i +?]{3]=%{EJ (3) = 12 unit?

'. /f{x]dx = |2

:

It can be also found by the previous way as follow,

lo.bl | bj=b-a m; BV By
=23 I I 3 1
[3, 5] 2 - 14 f
§
1747 _ 4

f (2x=-3dx =

2

unit?
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Example 3

i
If fix)=3, £[1.5] = IR then find ff{x‘}d;
|

solution

In the figure 4-22 notice that the region of A is rectangular region whose base 18 5-1 = 4 units and

width is 3 units

-

(1,3)

(5, 3)

L A=41(3) =12 uni

f fix)dx = 12 uniid

|

the second way

I{ﬂ.i}=Ehimi=ll (s, ﬂ=EhiMi=51

fue

124 12

=E=12
2

G

(Figuare 4-22)

unit?
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INTEGRATION

Exercises (4-2)

13

1} Find approximate value for integration j ; dx using parition F = “*Ih]}.

1
3Let T(x)=3x-3,F:[L4] >R, Find valuc of intcgration r Fx)dx
i
using the partition, = (1, 2,34 Jand then satisfy geometrically by calculuting area region under the curve f

4
%) Find approximate valuc of inicgration Hi‘-f =3)dX using the pastition 7=(2,3,4)

;.
-

4 Find value of inegration ‘l-_'jf'[:x}dx such il f{x)- -4

]

7y Find approximate value of integration Ix] dx uging four regular partitions.
1

( - 4 - The Fundomental Theorem of Integration

1]
We learned in the previous section finding the value of integr&lffl,’n}:h such that f is continuous on
[a, b] by using the area. i

The following theorem helps us to finding the definite integral.

If fis continuous on [a, b] then there exist a continuous function F on [a, b] which is called "Anti-
derivanive” of the finction f such that

b
f f(x)dx = F(k)-F(a} | where F(x)=f{x), ¥xc (a, b)

il
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£ fix) = 2%, £:[1,2] = IR then F(x) =x2, F:[1,2] - IR

For examle,

/F'[.'l.} =25 = fix)-¥xe (1,2} .anduponit

]f{x}d.n= Fi2)-F(l1)

| F(2) — F(1) is written in the I'ﬂrmlF{n]]: |

Example |

If fix)isa contineous function on [1, 5] such that Fix) = 3x? is antiderivative of f then find
-]

F[1,5] + IR ff‘q:}dn
I

Selution
5

r[ﬁ[ﬂdl =FH-Fl)=3(5%3 (1}*=75-31=T2
and we can write that as following

5
ff{ﬂdx= | Fix) E= ]331]‘:: 75-3=72
l

Example 2

If fis a continuous function on [lll %‘andﬁeuﬂideriuljw of fis F(x) = sin x,
A 7
Fz[u,ﬂ—iﬂ then find ff{“]d“'

]
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rl:jl;

- ’ = .1.?_.._. = _E._' = | ] =
fﬂ[x]dx-lF(x}!f-F(:I) F(O)=sin~~sin0=1~0=1
]

Example 3

Prove that F < {1, 3] = IR. Fix)=x* + 2 is an antiderivative of the function f{x) = 3x*

Fix)=x" + 2 is a continuous and differentiable on IR since it is polynamial function,

F is continuous on[1, 3] and differentiable on (1, 3)
2
F(x)=3xl=fix), ¥xe (1,3)

F is antidenivative of fon [1, 3]

Provethat F : F{x)= -;— ginx 15 an antiderivative of the function f: -+ R, fix) = coslx

¥
A

then find f cas 2x.dx,

]
Solution

lix) = cos2x, £: K — [-1,1] is a continupus and differentiable on IR since it is wrigonomerric
function.

F(x)= E[ sin2x is a continuous and differentiable on IR
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T =%mh.ﬂ} weily=fY) el
F is antiderivative of f function

fl‘{:}:ﬁu]”(h} ~Ffa) (Theorem 4 - 2)

[t - o) )

"*ﬂl-—lﬂ‘lﬂ — {1] D-%

The following table shows the function { and its antiderivative F.

In the table antiderivative of T is F+c where ¢ is constant real number.
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Find [ sec®xdx
]

s "
fsmﬂxdx=[mn]*=mﬂ£—:mﬂ= 1=fi=1

o 4
0

1!
]
Find fmcﬂxm:

t
= 1
f ¢5¢23ﬁ=l“m3 ]E =_mt£+m-tl=-ﬂ+1 = ]
- 4
4

F
Find f secx tanx dx
]
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13
n

¥ 1
5

fmn: lanx m=EsEnx]=sanE—aa:a=2-1=1
!

1]

3 3
4 4
f:al:lu ,'—I -2
i

4 1 8
=
1

1_81 1 _80_
4 4 4 4 4

( - 5 - Properties of Definite Integral

Firstly,

| fis continuous on [a, b] and if

b
fix)2 0, vxe [a, b] ::afﬂ[!{]d.'{ =0
8

For example,
2
i) f::zdeU since f{x) = x* 2 0, ¥xe [-1, 2]
-1
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i
1] fﬁ]&x =0 smeefix)=3>0, ¥xe [-2, 3]

o2

3
c) j (x+1}dx = 0since fix)=(x+1}>0, Vie [2,]3]

b
2. [is continuous on [a, b] and if ¥xe [a, b], fix) = 0 then ff{:{}dxiﬂ

a

For example 3

1) f{—l}d:r.{ﬂ since fix) <0, ¥xe [l,2]
|

=
b fxd.'-: <0 since fix) < 0, Wxe [-2, -1]
-2

Secondly,

f is continwous on [a, bl.c is a constant real number then

b b
ﬁﬁ[ﬂ}ﬂx & ﬁ (%)
a a

]

5
It f f(x)dx = & then find f HM{x)dx

2 2

Solution

5 3
fﬁt‘{x}dx = :‘.ff{x]dx =5 (%) =40
1 2
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If 1’1{}:}._, fz{x} are two continuous functions on [a, b] then

b : b
f{f‘:{x}:—fz{xj}dxn ff'lq‘x}dx;ffl{u}dx

We can apply this property for sum of many functions which are continuous on [a, b],

Thirdly,

L

3
| |
|

i

3

f £0) + £ (x))dx, f (£, £,(x) ) d

1

3 3 3
f{f,ixH f(x) Jdx = fﬁ{x}dx+ffzix]dx=15+ 17=32

1

| 1
f{f,{x]—f:{x}]d:= j)fl':“}d“_ffﬂ”de 15=17T==3
1 |

1

Example 11

2
If f{x)=3x?+ 2x then find fl'{x]dx
I
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@ INTEGRATION

Solution

¥
f{x]dx=f{3x2+h}dx=j]3:3dx+flxdx
| I
2

1
P

b

1

1
X~

t+I:v¢3}]={3—l]+[l4—l_]= T+3=10

Fourthly,

If fix) 15 contimuous on [a, b] and ce (a, b) then

b [ b
fi'{x}d?{: ff{x}-d}r.+ ff{x}d::

Example 12

q
[fff[}:}dFE ,fﬂx}dFB then find jf{x]d}i

I ] |

Solution

L 7
ffl[x}du =ff{x]dx+ff{x}dx- 5+8=I13

3

Example 13

4
If f{x) = |x| then find fmum-
-3

Solution

It fix) i1s continious on |-3, 4] and the absolute vaule function as the nle,
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f =% Y220 f f
—xx <l

. |5
—3 2 I

fl'{u}dx—f (=xpdx + fxﬂx

=|”+§]+|%—“I—E =

If rm=[3"+'- vxzl umnﬁndfr[am

3 vxcl
{}

Solution

f 15 contimous an [{, 5]

(i) =21+ 1=
I:Im]{11+ 1j=3= L
lim fx)=|%*" o
{I]lﬂl {x} hm}-.‘! K L,=L,

I|InI fixy=3= :!1m| fix) = fi(1)

X =

And also fis continuous on {x x> 1}, {X:x <1} s0itis continuoas on [0, 5]

I 5
j fix)dx = f fix)dx + f fix)dx ! f

| 5 X o 3 I+l

= fjcb:+ f{2:+ndx =[31]L+[x:+x]‘.

i |

=[3-0]+]25+5]—|:]=3+za=31
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Fifthly,

. ] I] n
i} f fix)dx =0 b]ff{l}dx=—f{"{x}dx
a a b
For example, i
a}’]):r.dt- =2ty b) j;xfdp—faﬁdx
1 & 2 ; ;

using the rule ——Ilez

f:cdx:ﬂ :-[17]+[s]=-m
3
Exercises (4-3)

11 Caleulate the following integrations

) 1[31—2] dx
1

b (2% + 2x+ 1) dx

l|
3
l;'ll.(Ji.* + 41;} dx
|

) [ e =1]dx

i
1]
q '[.'n'.+msn]d:¢

I-.IIH .

i

rae |

x-1

Ix —ax? 45
1!

dx

dx

g

—_— et M—
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2} Prove that F{x)=sinx+x is anti-derivative of function fix) whereby F: [ﬂ, E] R

[(x)=1+cosx Whereby f:[{}l

s
J§i|_}ﬂ then compute j'f{x]dl
il

1) Find the following ntegrations

4

a) I[x =2)(x +]]1dx

I
1‘1[|:-€+1]th
-1
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[ - 6 = Indefinite Integral )

FilLh 3] o RoFyl) =524 |
.Fl:[l,}I—rR.Fz[1]|=xg+%

B i[L3] 2R Fym) =22 - 42

B-d

Tad

d-

L3R Ffx=x2-3

Mate That FI ; Fl. F: i F'+ stisfy:
i} Continuows on [1,3] .
ii} Differentiable on (1, 3)

i & - .-"_ .-"_
i) vxe(1.3bk=F =F =F =Ix and so

Fy(x)— Falx}= {m‘1+1:|—(;1+.;.}=% :|

Fyix) - Fgny=(x2+ ) —(x2 -5 =4

S0 : In general fﬂ”ﬂi = F{x) + C

where ¢ iz arbitrary real constant

Find ft'{x}.dx 1f you know that
a) fix)=3x*+2x+1
ki ﬁaj-cmslz‘z

¢) fix)=x+geo X fon x

i fix)=sin(2x + 4

y

ot
a) f{hhzundx_%+T+n+.:43+; $X40

-1
. . ¥ ’ 1
b f{::nr.xu:z}dx =5 slnx+Ll+¢= ﬂl‘l!;—-;-{-u
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2

&) f (% +secx.tanx)dx = lT L

d) fsin{2x+4:|dx S _?]ms{21+4}+c

Find each of the following integrals.

a) [{11+3}?-{1x]d:{ c) fﬂin“xcnﬂd:
o) f {3xisxaﬂﬁ.ism4ux d) f tan®x sec” xdx
a) f (x% + 3P (2x) dx

#
We assume that fix)=x+3 then f (x)=2x

“ I I
f[nz+]}If2x}d1=f[f[x]|1‘r*{1]dx=Elf{x}|}+t = 3{13+ Wi

i)
h) f (3xr8x+5) (Ix+d)dx

We assume that
s
fixy=3x2+8x+5 then f(x)=6x+8

f S I f : 6
{33+Ex+5].{3x+4}dx:5 (3x+8x+5)(6x+8)dx

7
= E flﬂ::{]-] I{ﬂ} dx = -E- . + = 1 LI H S +E'|H'f|']' + =
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cl fsinﬂnns:d:

We assume that

fix) = sinx =:r"'f'[x] = COSX ;

fﬁlﬂ"xmmhf[ﬂxlrft:{ljdx=@+c=%siﬁ5x+c

d) fm.uﬁx see” xdx

We assume that

f[1]=la.r|.v.:.-*-fil’{:-1}|=sa|:3x
T
~ f
fmnﬁxm‘xdx=f[f{n}r?[x}dx= @h:: ]?m"?xﬁ:

Integral of Square of the Trigonometric Funetions

Here we can also remaind these 1o stadents sin® + cos28= |

| + tan¥) = secd

L fﬁﬂczﬂtﬁ: tanf +¢
. fusczﬂdﬂ =—cotf+e¢
ftantﬂdﬁzfliwclﬂ-l}dﬂzfﬂclﬂdﬂ-fdﬁ=tanﬂ-ﬁ+c
q fﬁiiﬂdﬂ-f{cﬂnlﬂ—ljdﬂu—cutﬂ—ﬂ+¢
fsinli:! da=f"m5mdﬂ=-’-fdau-'-fmszmz}da
2 2 3
;

Irdi

-

T

= =f—=5n2B+c
3~ i
crlbif= | 1= B Lo, Laieis
f 2 7 4
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Find each of the following integrales

f@sin?-xd:-:z&fhmxdx =—3cosIx +¢

fxzain.t?'dx:%f sing” {3 ) dx=——;mu]+{-

. f"u']-sinzxdx=f‘lr’::in1:l—zsinx:usx+mszndx= (sinx - cosx) dx

Jok

il

= if{sinx—mu]dn= t{cosx + sinx)+ ¢

- 2 E*
sin?x dx = mm:l d:c——t 2 cos Judx +l cos* Mudx
4 4 4 4
[ 1 | I
= — Jdx—— [ 2cosdxdu+— di +— | 4cosdxdx
4 4 B 32

- A N 1 L Aol i A
=—X——SI2X 4+ — X+ —S8indK+¢ =— X—5iN2X 4 — SIMX 4C
4 4 8 32 a4 32

-

s g
. f{sinx-m:t]?{:uuﬂilu}dx:w-rc

i

3 -2 2 tan’x

| +tan-x tan °x -1
b, dx=ftan']xm:11dx= +g= +c
an~x

-J

[anx lﬂl‘lz'ﬂ 5

2

=,

d:zftanxswzxdx:
C0S°%

180
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y. fsinﬁxms,ﬁmdx:f{ls:in]xmﬂx]mmﬁxdx: Efmsjhsinﬂxdx

4
={_I}:~: il EIIJ'I‘+::_ ]:m431+c
1 4 G
T L ,
0 mﬂ?f —_— cos2x sEn 2% i (cos2x —sin En](¢?523+slnlx] d
cos2x —sin2x cos2x —sm2x cos2x —sindx

Tf{r:u-slx+ sin2)dx = %sinlxu%mlﬂc
o | 1 .
1. sin“Ixdxy = —x——smbx + ¢
2 12
12 f:utzﬁxdxz—%mlh—mc

13 ftanzhdx= %tanh-x+ e

Exercises (4—4)

Calculate the following integrations.

3
(2x2-3)-9 (3-+5x)
I, ITi\: . IT‘:&
1I cn;s.}: dx 4, jcsr:zxcusx;ix
1-sinx
" X Fl
5 I—[3x1+5}, dx . j{l'x +10x+25 dx
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7. [sin’ xa

0. [(3x*+1)dx

I l'u+msaxf.:ﬁ
13, fese 2xds

g Ao

J-cos 2x

17. J.si:u.2 o

: 1”;___:
¥

12 |sec’dxdy

ey

14, [ tan?® xdx
16 Inua‘lrir

18, jma‘ Indy

4 = 7 = The Natural Logarithm

1n1_f[dr 0 fﬂn}mﬂl

1 #l
i 0=x <1

Im='f=!-dl=fu!-dl
[ |
1 i

d I
lnx )= —
i
By using chain Rule :

{Iﬂmﬂ du

{1 ) &

L. P T U P SR §
..dx{]nu} T d{lnu) udﬂ.

182
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Example |

I£y = In (32 + 4) then find ;ﬂ
1

i
d

I d(3xied)
3.‘-:1+4 . dx

d[lnu]:%du :>fd—l:l:1nu+r:. Where u=0,

Assume that u=1 + sinf

Ej-'-=¢c-59=-du=msﬂdﬂ

da
cosBdo du
1 +sinb =fu =M+

-_-I.rﬂ] +Ei’l’tﬂi+ﬂ
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4 —7 —1 The Natural Logaritmic Function

Let y=lnx  {xy):y=lxx>0
r=Inliy),  y=0, xelR

x=gf

Domain of In” (v} is the range of In (x)

Exponantial function ¢* (e base) is the inverse of natural logaritmic function it derives all of its
properties from this fact
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If y = "% then find 4.
dx

d'[me] _ glanx M - ﬂ = g% gacly
dy dx dx

Example 4

Find f et dx

x? =y = 2xdx = du

2 | ]
ol et wde=— | &' du = —e' 4¢

| 4f
— " ¢
2

Definition 4-2

Ifaisa positive number then

a“=e“l'“
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Proof;

Example 5

Find 9 for each of the followings,
dx

a) y = 315 i:u]ng.-=2“‘2 ¢) y = §eime

Solution

0 y=3555 22 38 )3
= Aty

,
h)y=2%s dir = 2% (-2x)In2

={-2xl2} (27

. _ =EinL 'dl"'_ ginx

c) y=5§ =:-E_j .cosx(In3)
= (In5).55"% cosx

186



@ INTEGRATION

Exercises (4-5)

1} Find g—- for the following.

a) y=Inix

1) Find the following integrations.

3

i) Lir

1

187
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bl y=In| =
Iy H[z]

d y=(Inx)’

N y=In(2-cosx)

h) y=9"

il y=xe
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k) ie"“.ﬂ.inxd.'r 1) jm"“dr
=] ]

1) Prove that:

E '};I;-I I
| =2 by | [Bx =6ldx =30
! ITdr > .I| 6]

4} f(x) is a continuous function on interval [-2,6] | if jf[x}u.r=ﬁ and I[f:,n+3]dx=3z

|
then find J' flxydzx

|

i i
S)Fmd valueof ac B if J'[x+%]dr n;:!'gec: xdx
| 1]

6iLet fxy=x +2r+k  whereby kB |, afunction its min. is (-5), then find _Ij'{x]-d:
1

7)Ifthe curve f{x)=(x~3)"+ has inflection point (4, b), then find the numerical valug of :

T,F qx}d.r_j,?' (x)dx

( - 8 - Plane Arca by Definite Integral

L -8-1 The Area Between The x-axis and the E’un'f

Let v = fix) is continous on [a, b] and A is the arca under curve and bounded by the lincsx =2, x=b.
and x-axis i

b
If fix) = 0 then area A 15 A= ff{x} dx : curve #

a
b

LF f{x) = 0 then area A is .l|.=-ff'{r:}d.1.'

! b
{Figure 4-23)
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In arder to calculate the area under the curve and bounded by x-axis and the lnes x =a, x=h,

-

(=2 ]

'

. Find the points where fix) =10

. We calculate the each integral for the partitions.
. W add the absolute value of each integral found in (3)

Example |

Find the area of the region under the curve fix) = x* — 4x and

First step :
fiu) = 0

L —-dx=0

1{x2—4}=ﬂ - -2 il

' We use the points which make fix) = 0 and we determine the partitions. on [a , b]

bhounded by x—axis on the interval [-2. 2]

xix =2y +2)=0 2 A

Lx=lhx=1x=-2
Second step :
The intervals are [-2, 0], [0, 2]
Third step:
0 : 0

4
A]=f (x7-dx) dx = f;—zuz =0-[4-8|=4

-3

! 2
Azzf I:RJ- dxjdx=|— -2 = 14-3 ]- 0==4
)]
Fourth step:
We add the absolute value of the result

A=1Al+ 145l = A= 141+ 4l = 4 + 4 = 8 unit?
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Find the area of the region under the curve v = x~ and bounded by x-axis and lines x = 1, x = 3,

4 y=0=xt=0
x=0g[l3]
fixdz0,x=[1,3]
3 313
PO PO o M S P
33 3 3

(Frgure 4-24] I

Find the area of the region bounded by the curve. y=f{x)=x*-3x"+2x and the x-axis

}r:ﬂ I I
-t =0 x(x-1)(x-2)=0 f
a | 1
x=0, x=1, x=1 I __|
o A A2
the intervals are [0, 1], [1, 2]
1
K‘ a4 1
A= | (-3 4+ 2x)dx = T—:3'+x' y
0 ¢
2 :."
P S G2
1= | BT-3RTHIX)EX = = ot . /
: I 0 vl ik
Fi % /1
Illll -
|IIIII
(Figure 3-25
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|

1 1 i
A|=[Eu|+1)u{n}=1 AI={4~E+4}~(—E-I+1)=-—?
A=A [+ Ay

L INE
cas|Ll3

Find the area of the region bounded by the curve v =%* - | and the x-axis on the interval [-2, 3]

= uni’t2

1 1 1
_+__
4 4 2

x-intercepts, y=0=0=xl_l=x=21lec[2 7]
¥ the intervals are [-2, -1, [=1, 1], [1, 3]

h | x=2 x= fl j’l f}
r =2 -1 -1 Lo i

2 A A A3

\

2

&/

(Figure 4-26)
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A=A [+]Ay+]Aq]

4 4| 120 I
g e o Y R W e £S5 Y o3
‘3‘ ‘3 3 3 unit

Find the area of the region bounded by the curve v = sin x and the x—axis on the interval

|
11-

smx=0=x=0+nn,.nck

S n=0=wx = [}E—n,ﬂ
2

n=J=x = Ts nl,ﬁ

L 2 o

_ -

n=2=ax = IME —?JI

N==]l=x= =g -i,ﬂ
2

n==2=x= -2MM&E -wg-n,it

", the mtervals are l-l,ﬂ‘ and [[.‘!,1:]
2
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f 7
L 0
| 1) -I—
1 n
2
¥i

(Figure 4-27)

El- . )
A= fs.mxdx=l—cn&x]i=—ms{ﬂ]+ms(—i)
L 2
2

A==1+0=-1

Ag= jsin:-tdx =[—msx I:=— cos T+ cosi
i)

A=|1’L1|+|A1{

nA=|-1|+|2|=A=3 unit?
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Find the area of the region hounded by the curve v =cos x and the x-axis on the interval [-n , 7]

v=0=cosx=0= x=%+nn:,nez

=1 &x= i E |=T,T
2 |

|'|=—]---Js:=—1 £ |-I,I
2

n=1 =x= 5, -n.1
2

n=-2=x= _3'TI[E -T. 1T

S
3 i it
_ _TT 2 |

L 1]
- .Inn .Iﬁl: A El m

{rala

| A
Iﬁ_l

ra| A

ik
IF

% ..E]_
T2

The intervals are

(Figure 4-2§)

[ =

i 2 2t i T I S Vg 'R . 2 rr
A= fms}liﬂ!=[ﬂlﬂ1] A _sm{—2 ) sm{-nll _-smE+5m?|:_-l+ﬂ—-l
-T
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L9

2

Ay = fcmxdx=lsinx

= gin - gin
2

x
Zl=141=2
2)

(] e R

T

2

R

=sinx -sin > =0-1=-1
T i

19
ﬁ3 = f uusxd.x-[sin:.
1

2

2

Axlify |+ | B i | Ay

A=|-1|+|2]+|-1|=1+2+1=4 uni?

4-8-2 Plane Area Between Two Curves

In order to calculate the area of region between the curves f{x) and g(x) which are continuous on [a, bj
follow the steps.

b

I Iffix) > gx) on [, b] A:flﬂx}—g[n}]dx-

a
1]

) <gon[ab] A= f [0 -2 i

i

o]

I If two curves are mtersected between [a, b] we find the intersection peints by solving fix) = gix}
After we find the values of x which belongs to (a, b) and then we divide the interval
inin partitions and we caleulate the miegral of difference of iwo curves on each inierval,
finally, we add the abselute values of cach integral.

195



INTEGRATION

Example 1

Find the area of the region between fix)=1x  and g(x) = x.

¥
i

£

a

1

(Figure 4-19)

Example 2

Find the area of the regiﬂnbi:mwncuw:sy=x3amdy=x.

Let:

-',x=r.2=-:u[:¢—1}= ]

LE=0 = IﬂmElﬂ.ll

w [ (sl 2052

X =x

(Figune 4-30)
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Let ¥ =% f f

¥ox=0= xx- D+ D=0 A

x=0,x==1= [-1, 0] [0, 1] -1

|
A=A+ Ay = fflj-ﬂdx+ f{xj—xldx‘
i

I
[H_"_ﬁ

4 2

0
+
|

-1
o) e

Example 3

Find the arca of the region between curves [{x) = cos x, g(x) = sin x on the interval

inx=cosx =tan x=1

_IEI
-l

EEI_LE
n(/4 3'3
R“H St

Y= Cos .y _',Izgiﬂ;

;;;;;;;;;;;;;;;;;;;; e ..-:a.;.;;..a..l

el | . —
L5 \ i/li
- ] ' i
, el I

T T L :HR;
4’2 bl

[
h.rdE =
==

[——
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INTEGRATION w

n - R
3 2
A= fl{mu-—sinx]de f{msx-—sinx:]dx

E :
| @ F

x x

=-Eainn+mﬁxl_“1 + |simt+cm::]§

2 i

1 sin£+m5£)_( sin1+cnsl)
“ & 2 4 4

ﬂ'nl.pmsi)_( sin‘_“+m5—_“)
4  EA 2

4

A=+ 14)1-v2] =2+ 144221 =242 unit?

[ 4-8-3 The Distance ]

Let Wit) be the velocity of an object moving on the straight line the distance which is traveled

on the time interval [iy, 1] is

1
d= ﬁ vi)ai

I:]

L
4 e, f . 5 is displacment
splacement = § = vit) di
b

velocity = vt) = f aft)d {a is acceleration)
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‘:!! INTEGRATION

An object is moving on a straizght line at a velocity
vit)= 2t — 4 m/s, Find
4) The distance traveled on |1, 3|
b Displasement on [1, 3]
¢! The distance traveled in fifth second.

d) Dislacement after 4 seconds from initial motion,

W ed-4=0=t=2¢[13]-1,2][23]

1[zl—aﬂ,)m!+ 1{21-4}&1
Je-rf

- |(4-ﬂ)—(1—4]|+|{9- |3_}—(4—3)|= 141=2m

d= =i|12—41 ﬂ+:|11—4t E‘

b) s=f{zt-q.]m=[:1—m]f={9—rz]—[1—4]=u

fl{lt—d}dt =|[13-41E|=|[15—EHI-[115—m]!: S

d) s=f{ﬂt_4)d:= :E_ME:[m_ml_[n]zn

c) d=
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INTEGRATION w

An object is moving on a straight line an acceleration of 18 m/s’, if its velocity

82 mv's afier 4 seconds from initial motion, Find
u) Distance during the third second

bl lts displacement from initial motion point after 3 seconds.

i) v:faﬂ}ch‘ﬂvzflﬂdl
v=I8t4e  v=82, 1=4
82=(18) (4)+c=c=10
v =18+ 10

|8+10=>0=v=0

3
d= f(JEt+ 10)dt = | 92+ m]i: [81+30]-[36+ 20]= 55m
i

3
b) s=f{lﬂum]m:[mhlm|;=[ﬁ|+3n]—[n]=mm
0
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INTEGRATION

Exercises (4-6)

I} Find the area of region bounded by the curve 3'—:-.'4—: X-axis and the lines x=-]1 , x=|

7} Find the area of region bounded by the function fix/=x*-3x"-4 and x-axis on
the interval [-2.3]

3} Find the area of region bounded by the function fix)= x*»? and x - axis.

4) Find the area of region bounded by the curve y=sin3x and x-axis on the interval [ﬂ.

h..:|;_:..|

|

i ) [ =
51 Find the area of region bounded by the curve v=2cos™x-1 and x-axis on the interval |EL?]

|

) Find the area of region bounded by the two functions ¥ =|Exand}f =/x 1 gn theinterval [ 2,5]
1) Find the area of region bounded by the two funetions 3=x2 7 ;,.r=n"' -12

§) Find the area of region bounded by the (w0 functions f(x)=sinx and g(x)=sinxcosx such that

e 024

3.
9) Find the area of region bounded by the two functions  x)=2simx+1 g« )=sinx such that xe [H%J
L) Find the arca of region bounded by the two fiungtions :,.-13+4x3+31 and x-axis

11} An object is moving on a straight line with the velocity  viti-st*-61+3 m/s calculate

i) Distance traveled during the interval [2.4)
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INTEGRATION w

b Displacement during the interval [0.5]

12) An object is moving on a straight line with acceleration a(1)=4t+12 m/s” . If the velocity after

4 seconds from initial motion is 90 m/s, then calculate
al Velocity at =1
b Distance traveled during the interval [1,2]
¢) The displacement after 10 seconds from initial motion .

| 3) A point is moving from stillness and afier t seconds it's velocity becomes |001-6¢° m/s find the

required time to return it to it's initial position. Then calculate the acceleration at that time.

[ 4 -9 - Volumes of Revolution

|. The volume a shape which is formed by rotating the region bounded by the continuous function

y=1f(x) from x=atox=b about the x-axis.
v=nf}f1.d1
a

2. The volume a shape which is formed by rotating the region hounded of by the continuous function
x=fy)fromy=atoy=b aboul the y-uxis.

V= ﬂf[}l]zd}r
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INTEGRATION

Find the volume of a solid shape which is formed by rotating vy = fx on [0,4] abour x-—axis,

b "

v=fﬁrzﬂﬂ

=f:iﬁ]zm:f:m 0

i
4 i

=X
S

N

n.Ll —Br_0 =87 unit?

1

(Figure 4-31)

Find the volume of  x o after rotating on | £y < 4 about the y-mas.

¥

1 4
4
V= f:xzdj.ufmldyzlnlnyl = nln4 - 0= 2xln 2 wnit I
b |
I [

Find the volume of shape formed by rotating the region of parabola whose equation is y* = 8x
and the lines x =0,x=2 about the x—axs.
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INTEGRATION

b 7
p 2
‘u’=ﬂf }r1d1=nfﬂxdx=4rrlﬂlu=lﬁﬂ umit 3
0

Example 4

Find the volume of shape which is formed by motating the region of parabola whose equation is y = 22

and the lines x = 0, x =5 about the s-axis, Y

1
' xr T <= L}"
V=g y'l= = #x”d:-r.=4—[15] UN\UJ
3 0
a a

35 4_;‘. 3125 = 25007 unit’ (Figwe 4-32)

Find the volume of shape which is formed by rotating the region of parabola whose equation
isy=4x and the lines y =0, y = 16 about the y-axis.

.
h
V= T‘f :-'.zd}'

a ‘.:}

13 y=dul

V= nf%dy = J;i[ﬁ I:i:ilf{tﬁ{[m]ﬂz: unit?

% =:

Find the volume of shape which formed by rotating the region of the curve v == and the lines
-

| £ y< 3 abontthe y-axis
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INTEGRATION

y=]=x=3

y=3= x=I
b
= : 3
v n:f:r. dy g =
g / ".th
3 z Fié‘ B 0
3 e
1,'=:rrf —| ity / 3\
| ¥, ?é!__—__i\{”
g P e
-1
=4 5| — 0
LA

[Figure 4-34)

=gn|—+I|

Exercises (4=7)

11 Find the valume of the shape which is formed by rotating the parabola whose equation is

y=x" and the lines x=1 and x=2 about the - axis,

21 Find the volume of the shape which 15 formed by mtating the ﬂJn‘E}l:Iz +1 and the line
y=4 about the v - axis
1) Find the volume of the shape which is formed by rotating the y,': +x=1 and the line x=0

about the v - axis,

4) Find the volume of the shape which is formed by rotating the curve whose equation is

y2=x" and the lines x=0and x=2 sboul the x-axis,
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5-1 Introduction

5-2  Solution of an Ordinary Differentinl Equation
5-3  Special and General Selution of 0. D . E

5-4 st order 1st Degree Ordinary Differential Equation

5-5 'The Methods of solving Differential Equation

(Gt

Ordinary Differential Equations 5 a major subject in applied Mathematice, it has refevance to many
scientific discipling and enginecring. In this chapter, we will discuss the differential equations and ways

to solve them,

Definition 5-1

Differential equation is the equation, which contains one or more derivatives for unknown function (i.c.

the dependant variable in equation).

Ordinary Differential Equation is the relationship between independent variable, let it be (x) and its
anknown function (v) (Dependam Yariable) and some (y) derivatives sccording o (x), it is symbolized
az (0.0.E. which stands for (Ordinary Differential Equation).
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For Example

dy B
S T 4y +aly+a=
& ¥—ax YTEYTITY
V/ V/
2. %y <5y — oy =0 S (v F+3y +xllnx=35
3
|:I:n:1 dx

All of the ebove are Ordinary Differential Equations because y varable depends only on

% variable,

Definition 5-2

Order: Order of Differential Equation = defined as order of highest derivative.

Degree: Degree of Differential Equation 1= defined as highest exponent of the highest derivative in
Differential Equation.

For Example

i. %+ x=-Ty=0 first order, first degree.
2 "—3" Sx—Txy+ 7 second order, first degree.
d?
1. {g third arder, third degree.
4. v+ 2uy)y =0 second order, first degree.
4
5 ‘;ﬂ] =x'-5 first order, fourth degree.
X
dy 4 d] V dz
6, x° —) =L #2520  third order, second degree.
dx da? dx?
7. v¥ + cosy +133'§ =0 fourth order, first degree.
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Degree of differential equation with algebraic derivatives is the algebraic degree of the derivative with
highest order in the equation. For sxample, the differsatial squation: ("1 =41+ {y}% is the the second
order, becanse y" 15 the highest derivative in this equation.

Whereby, roots and fractal exponents ¢an be removed. we get: (¥")* = | + (v')* Thus, the differential
equation is in the fourth Degree.

5-1 Solution of an Ordinary Differential Equation ]

The aim of studying differential equation is to find solution for them, this is done by finding a relation
between the dependant variable Y and independent variable X, in such a way that the relation shipis free or
derivatives {without derivatives) and the differential equation is satisfied by substitution.

[oemiion s3]

Solution of differential cquation is the relatonship between its variables, in such a way that:

. Denvaties free (without derivatives).
b. Defined on cerain interval

¢, Satisfy the differential equation

ie solution of ordinary differential equation is any function of an (unknown) (dependent variable)
indicated by indepentent variable which satisfies the differential equation.

208



i oromuary orereRenTIAL EUATIONS.

Lxample |

Show that the relation y = x* + 3x is a solution of differential equation xy' = x” +y

y =32 + Jx, we find ', thus:
}r=11+31.-.®=:~f=1:+3---@
Substitute (1) and (2) in the right hand-side and lefi hand-side of the differential equation, as
follows:
LHS = xy
=x{2x +3)=2x3 + I
RHS=xZ+y=xd + 52 + 3y

=22+ Ix = LHS

Therefore, the given relation s a solution of the differential equation above,

particular and General Solution of Ordinary Differential Equation )

The solution of the ordinary differential squation i any relation between %,y and satisfies the equation.
However, the general solution of any differential equation is the one, which includes a number of arbitrary
constants equal to eguation order. If the equation is n first order, its general solution must mchude one
arhitrary constant 1.e. integral constant, which emerges in doing integral step for first order equation,
Howewer, if the equation 15 second order, its solution must include two integral constants because we have

two integral steps when solving second order equation and soon...

For Example

dy
L _5y=10
et

It is a first order differential equation and satisfied by particular solution y =™, as it appears in
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substifution of differential equation, yet, the general solution must include one arbitrary constant
¢, thus: y = c%"

d]y

As for differential equation, —2+ y =0 it 15 second order and satisfied by general solutions:
dx

¥= sinx, y=cosx, although the general solution must include two arbitrary integral constants, like

A, B, hence, the general solution is y = A sin x + B ¢os x.

Example 1

Prove that y=x In x| = x 15 a solution equarion Hj—?= K+y, x> 0..1).
1

Solution

The equation ¥ =x In |x —x is without derivatives and defined on x > 0, to prove that it is one

solution of differential equation (1), we directly substitute in (1}
LHS = 1% = r.( x.%+|nix-{]]— l)

=1.[[,[+]J:||1|—I)=x nlx|
RHS=x +y =%+ x. n|x| —x=x. n|x]|

Thus, the given telation 15 one of Lhe special solutions of differential equation (1)

Show that acR, In y2 = x + 2 is a solution for the equation 2y' — y =0

Solution

Inyi=x+a=2Mhly=x+a :z—'m=|
¥
' =y=2l-y=0

 Iny? = x +a 15 a solutien of the above equation.
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Example 4
Isy=x3+x -2 asolution of the differential equation d—:: =bx ?

d‘.ﬂ'

Solution

2
+:r.—l=:d—}'= 3x=+]=:d—:'r=ﬁx
dx
2

d*
Thus y = x* + x~2 is a solution of the cquation : i R

y=x’

Example 5

4
Prove that y = 3 cosdx 4 2smndx 15 a solution of the differential equatiu-ni.- + 4y =0,

Salution

+y =3 cos2x + 2sin 2x .. D
' .
Ly =—bhsandx+deos Ix
% .
“+y =-12cos 2x — 8sin 2x e
Substitute (1, (2) in left hand - side of differential equation, we get:
LHS = (12 cos2x — § sin 2x) + 4(3 cos 2x + 2sin 2x) =
~12.008 2x - 8 5in 2x + 12008 2x + 8 sin 2x =0 Right hand - side
= RHS

Thus, ¥ = 3 cos 2x + 25 2x 15 & solution of the above equation
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Is w2 =3x? 4+ %7 asolution of the equation yy" + (v —3x =51

Solution

coy=id s s dw =+ i
v+ Y2y =6+6x
Divided by 2
W yP=3+3x=LHS=yy" + (v)¥ - 3x=3 + 5 Right hand - side #» RHS

Thus, ¥ =3x2 + %3 is not 2 solution of the above equation,

Example 7

Show that y = e + 3% js a solution of the differential equation y" + ' - 6y = 0.

oy =R My ' =R 3y {:;' = 4% 4 g8
Substitute lefi-hand side of equation
LHS = y"+ — 6y
= (4™ + ey + (262X - 3 H%) _g (et + &%)
_ 4p2% + g3 £ Jp2% _ 335 _ ol _ gadn
= 0 = Right hand-side
LHS= RHS

Thus, ¥ = €™ + ¢~* is a solution of the above equation.

212



Exercises (5-1)

|. Show order and degree of the following differential equations :

Z .,
) {y}:'l'—rl}r + E].-'=x3+msx
ay |
m(—"’
dx

2. Prove that y = sinx is a solution of the equation y +y =0

dy 3
—E(E +iy=0

2
1. Prove that the relation s = 8 cos 3t + 6 sin 3t is a solution of the equation d—;+ 95 =)
dt

4

4. Isy=x+ 2 asolution of the equation’y +3¥ +y=x7

; . 7 3
5. lsy = tan x a solution of the equation ¥ = 2y (1 + =) ?

Z
6. Is2x2«y2=1 a solution of the equation y'y =-2 7
. ; . j 7 Ve

7. s yx =sin 5x is solution of the cquation xy + 2y + 25yx =07
¥, Show thaty =ae™is asulutiunufequaﬁunfr+}'=llwhﬂ'eae R

P
5. Show that ¢ & R, In ly| = % + ¢ is asolution of the equation §'=4.13}r+2:.f?

5-4 15 Order 1 Degree Ordinary Differential Equation

b

Clooiucin ]

Solving differential equation 1s opposite to differentiation operation i.e. it depends on integral

'

%

operations, Usually, finding the opposite difTerentiation (direct Jof each function is not possible.
We do not expect to have a general solution for each differential equation depending on initial
common functions. Therefore, solvable differential equations can be divided into several types

according 10 ways of finding their general solution. In this chapter, we will discuss first order
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and first degree differential equations with two variables x.y. This type of equations is simple,
although finding a general solution for them is not possible, and there 1s no general way of solvin

them. Therefore, these equations will be divided according to way of solving them:
I. Separation of variables equations

2. Homogenous differential equations

3. Exact differential equations

4. Linear differential equation- Bernoulli

In this chapter, we will discuss (1), (2), and ways ol solving them.

For Example, First order first-degree differential - equation has following

two forms:
dy

. —=F(x,
= (x, ¥)

2. Mix, y)dx + Nix, y)dy=10
Whereby Nix, y) 20, M{x, y) = 0
For Example

The differential equation ﬂ= Ixy
XTY¥

Can be rewritien as

(3xyldx = (x + y)dy

{Ixyhdx - (x + y)dy=10
Whereby M = 3xy, N= (X t ¥)

In the next section, we will study some ways of solving differential equation.
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First: Separation of Variables J

In this type of equations, as it appears from the name, we can separate all the (terms’) which contain x

only with dx on one side, and the terms which contain y only with dy on the other side, so we get;

fix) - dx = iy} dy... (1)

Then integrate sides of equation (1)

fﬁwldr=fﬂx}dx+c

Whereby, cis arbitrary constant.

Example |

; d
Solve the cquation E}f= 2x+5.

“olution

= 2x45 = dy = (2 + 5)dx

Ay
dx
fdy :f{11+5]d1=¢y=:1+51+c
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Solve the flon—=
ve the equanon e

Solution

Rewrite the equation in the form g(v) dy = {x) dx

=1
g

e ydy =({x— 1) dx

Tntegrate both sides fydr=f[x—l]dn

Loz 1.2
—y*=—x*—z+ce
S

I
_',n.ll=:nn:;"—I:r.+2n:av-r].r=:I:{:|:2—2:|r.+2r:.]E

=_t{ x2-2x + € }—%

Where € =2¢ s arbitrary constant

Example 3

Solve the differential equation dy = sin x cos”y dx whereby y 2 (2n + Ilg,msyill'

Salution

Rewrite the equation in the form g{v) dv = fix) dx

ie

-L-d}r = sin xdx
cos’y

secz}r:l]r =gin x dx
Considering integral = f m:l'_l.rd:.r = f sinxdx

tany=-cosXx+¢  Whereby c is arbitrary constant

216



Find solution of differential equation y'—x yy'= 0 where x=2,y=9

Solution

d +
¥-xpy —ﬂﬁﬂ—w-’! [i:—}r=r-'-

+d}'-.'-:d.:=:-f 4'ul:I].r fxr}xmliy-—.t

Substitute x = 2, y = 9, we get:
:4_=%[2.}2+c=ﬁ::+c=:=4

. the solution is

2
zﬁ-%ﬂﬂ =y =(%£+2)

Example S

Solve the equation %-— ¢+ where y ~ O when x =0

solution

di:thn?ne'f‘d}r = ey

dx
-f,-r{h |jdy=%feh(1}du
1
e ¥=—eM4c
3
Substitute y= 0, x = 0, we get:
.._.E-“:leﬂ+c=r—1 =l+r:-u:=-—3-
2 2 2
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Thus, the solution is:

-7 ; e* —% me = %{3 — ™)
L g e _EEI
et 2
ef= 4
3_';2?1

Taking Im for the two sides, we get:

v=In -

Find gencral solution for differential equation {x + “dﬁ =2y

%
Salution

L N S B ST
¥ x+1 ¥ x+1

Infy=In{x+1P+e=> Inly-lax+12=c=

l¥|
¥ R

(x+ 1P (x + 17

il

In v = Inf(x + 1) . %) =
Iy =e%(x + 1)
y=3ep (12

Whereby ¢, = e* is arbitrary constant
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Exercises (5-2)

i oromuary orereRenTIAL EUATIONS.
| Exercises (5-2)

|. Solve the following differential equations by separation of vanables:

ubj."cm31=sin:-i hi%+xy=31, X=], y=12
rb%:{xﬂ}{y—l} d (2 +dy— 1y =x2-2x+3
o) yy = (1 +vH? [ Je%dx — y¥dy =0

0y =269, x=0, y=o

fd

Find general solution of the following differential equations:

dy , .2 2 - dy :
PRy ey bl g == +00 =0
u“l:hi ¥ ¥y mms}ldﬁ 5K sIny
¢)xcosty dx + tany dy =0 J) tandy dy = sinx dx
dx  3ylyeY
s e g =p
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( Second: Homogenous Differential Equation J

Variables of differential equation might be inseparable, however, we can transfrom it into 2 separzble
equation using some transformations, namely, the homogenous differential eguation which can be written
in the following way:

o

For example, the equation | x*+ y")i—y = x7y. can be rewritien in the following form:

Divided by x* 2 0

Show which of the following differential equations are homogenous?

dy 2 %2

|, ==

dx Iny -y’

Dividing the numerator and the denominator by %= 0, we get:

2 2
5 ]
. S x
dx 2 x> i v
e (%)
X K

= the eguation is homogenous
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2. Differential equaition 2xfy - v2 - 2x2=0

Dividing the equation by x° = 0, we get:

2
g I P sl

k- 12 IE
yhe [y ¥

{2 {22 o
X X

.. The equation 15 homogenous

3. Differential equaition

[ Method of Solving Homogenous Equation

IT the differential eguation is homogenous, it is solved in the [ollowing steps:

| Write the equation in the form:

g'__' F(-i- ) then substitute v=-i— ory = vx, whereby v is new variable, which is x function,

' Derive y = vx for X , so we get:

Jeining 1 and 2

dv dv
H_._._.|.1.r=[{l|,' - Ko=) =%
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. Afler separating variables, we get:
dv dx

Fivi-v Cox

Integral of two sides:

dv dx
= —
fﬂ\r}l—v f x

we get the general solution by Indicaton of the two variables x | ¥.

Then substitute, v= - so we gel solution by indication of vanables x | v,
X

Solve the differential equation 7 = %

2xy

F

Divide the numerator and the denominator in right hand-side by x2 = 0, we et

)
3(lJ—|
dy \x/

dx 2-}_')
x

i.e the equation is homogenous.

A1)

put v=2 to equation (1) ... it bacomes;
X

dy 3o

dx 2y

e (2)

¥y =vx ﬂ%’: H%*ﬁ- v..[3)
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Substitute (2) in (3), we have:

dv Wiol  dv i
— —_— 1— —
dx v dx 2v

—¥

Separating variables, we get

Hdu_ 1.'1—]
dx v

al-d.l:n v 4
X vi-1

fl.:h=f 2 v = lofx | = Inl¥2= 1]+ In|¢|
x yi-1

In|x =Inletv®= Dl=x=tcv*-1)

TI .H.’J

II

¥

Ty=—=mk=1c
X

o oy . ; dy _ y+x
Solve the following differential equation s =;—_~;

Divide the equation by x # 0, it becomes:

|mE=T

i

yrex

+1

=X (1)
=]

b e

&|e

e B

=§=w>¢l]+x-d-'r....{1]

ez
e

Substitute from (2) in (1):
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dv vl v Iv-v &l v—1
m_

K v=x = e
' i v—1 v—v'+1 X

=lp 2=2v [ .
hF e s it bl i

i
In|2v=v" + I|T =Injct| = lnﬁ =Inlc
V=¥ +
=:n.||21r—1.':+|=|II:+ti

{1
SW-v +l=-L
K

=% +2%-y =k

Example 3

Solve the equation {(3x—-yh' =x+y

Divide by x = 00
7 b o 7 I+i
P tmy=—L
=y 2. 7
X
P ek LA
de  J—v

Substitute from (1) in (2): xd—"'+1.r= i
dx 3=y

e Ly oot Wil de (=t
dx 3-w dx 3-v dx 3-v
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5™ oromary orFrereNTIAL EQUATTONS

ix —fiv=11=2
e geadig (Gl ]d-.r
X (v-1P % fv -1y
; -1 2 2
—d]'.:' I:l ]_ ] —]-
f: f{v-n "+f[v-ulmwul“| el Sarte
|n|xi=—ln-;'r-——1— +C
X ¥
S
X
In|y-x|=——+¢
¥y-X

Example 4

Find the general solution of differential equation 2x° % =24y

Solution

The differential equation can be written as:

dy _ x4y’ ()
dx 2t

In this equation, you can verift that numerator and denominator in right-hand side are homogenous

function of second degree, thus we substitute y = vx, we get:
L ovad)

Substitore from (2) in (1) we get:

3,27 2
de_vzx XY u:{]HZ]
dx 2x? 2y
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oRDINARY DIFFERENTIAL EQUATIONS 4 JIF

dv  14+v?

N— = V=
dx 2

lchr o | =2v4v2
dx 2

Ex%:(v—l}z

By scparating variables, we get the following:

d 1 dx
f{ vl}1=f-£."-; Taking integrals of two sides:
L

_—1=%ln|x|+::‘

v—|

¢' Is arbitrary constant:

Substitute v =-- and adding ¢ = 2¢' in last equation, we get:
X

2x
In|x|+¢

y=x-
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Exercises (5-3)

i oromuary orereRenTIAL EUATIONS.
| Exercises (5-3)

Solve the following differential equations:

I =l+¢l
X

2 (P —xy)dx +x2 dy=0

H(X+2y)dx+(2x + Jy)dy =0

dy _ x4y?

dx Ixy

4)

5) (_','2 - E}d: +xydy =0
6) x2ydx = (x* + y*)dy

dy Y
X —--tm‘l-—- e
& (dﬂ. J'n'-) 4
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[ Chapter 6;: Space Geometry ]

6-1 Introduction

-2 Dihedral angle and perpendicular planes
6-3 Orthogonal Projection on Plane

=4 Solids

We have already learned that both line and plane are infinite set of points. Every two points designate one and only
one line. Every three non - collinear {not on one line) designate one plane only, every four peints non-straight
designate a space. In brief, line has at least  two points, plane has at least ﬂ:mﬁpﬂhﬂmn—mllhmr,md
space has at least four points not coplanar.

Last year, we learned relations between lines and planes and proved theorens, which can be used in this chapier.
Planes arc gaining new concepts and new theorems, all you have to do is go back and read this subject from last vear,

1_1‘}- 2) Dihedral Angle and Perpendicular Planes )

Dihedral Angle: it is a union oftwo  halves planes with commen edge
The common edge is called (Edge of Dihedral), plane halves are called (face of dihedral) as in fig.(6-1)
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A
& ™~ 1
- ke - - |
,r“’# . f_,_.r’;i - I
— | X
.ﬁf’“’f J ¢ ———
"'\-\_\_‘-__ . r.___.-r 3
? s~ / Y
| . "'\-\.\_\_\_\_\_\- l__.-' '_'.r‘,
| H‘H‘
. 4 HH“‘H-.__ B- -&HE B
._x.-f'f Y . (Figure - 1)

Where AB s edge of dihedral angle, (X) (Y are faces of the dihedral angle
Dihedral angle is expressed as (x) - AB- {y) :. It can also be expressed by edge of dihedral angle if not common
with another angle. Example: Dihedral angle

0 4 ';
(x)- AB - (z) A
(x)- AB- () i
g ‘-:-x'\. 8 A. -
(y)- AB-(z) N _ 4
. L.f”f ;_,f'a (Figure 6 - 2)
8

Dihedral angle cannot be written ;.B in this example because the edge .»{E
is common with another dibedral angle

When four points are not coplanar (not in one plane), we writethe A - 8C-D or dibedral angle between
planes (ABC), (DBC)  (Figure 6-3)

A b
% A
'\-. ..\. ; -..f.-._'-
B o
o (Figure 6 - 3)
L
c
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Dihedral angle is measured as follows

Designate a point (D) on the common edge 48 . and then draw a perpendicular line 2¢C in (%) from [ and

perpendicular line DE in(Y)on the edge AB The measurement of dihedral angle between the two
planes is measurement of angle CDE it is called CDE angle, which belongs to dihedral angle, a5 in fig, (6-4)

(Figure 6 - 4)

i ot iy, e i the ol wonghe {30 — ARV s

DC = (X). DE < (Y)

DCL1ABDE LA

£ CDE is the angle which belongs dibedral angle AB or (X)- r;iE—{‘l":l

| 6-2) Definition

Half-open plane ; Let (M) be a plane and let L — (M), the line L divides the plane (M} into three separate sets.

(M| and (i) is called 3 half-open plane, while (M;) ./ Land (M3} '/ L each of them is called a half-plane,
The commeon line L between two half planes is called the edge.

Dihedral Angle : If (M) is a half plane and (N) is a half plane, then they meat in a commaon line [ab).
S0 (M) (M) is called a dihedral angle and ab is called its edge.

Faces of Dihedral Angle : A dihedral angle is a figure formed by two half planes meeting in a common line. The
common line Is called the edge and half planes are called the faces of dihedral angle.

Faces of Dihedral Angle : A dihedral angle is a figure formed by two half planes meeting n a common line. The
comman line is called the edge and half planes are called the faces of dihedral angle.
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From the definition of both plane angle and dihedral angle, we may conclude:
17 Measurement of plane angle is constant for a dihedral angle.
2} Measurement of dihedral angle equals measurement of plane angle and vice versa.

Definition (6= 3)

If dihedral angle is nght angle, then, the plancs are perpendicular and vice versa.

2
o {K}L{Y]ﬁ{x)—ﬁﬂ—[‘f}= o0°

(rheorem? ]

“1f two planes are perpendicular to each other and if a line which is drawn in ong of these planes is ‘

perpendicular to the intersection ling of two planes, then it is perpendicular to the other plane.”

= = > —
In other words : (X) L(Y), (X} (Y)=AB , CD=(Y)LCDLAB aiD=CD L{X)

Civen :

(X)L (Y

>
(X) (Y} - AB

e
CDc (YY) /

—
CDL AB at point D, /

L
Required :Prove thai CD L (X) {
L
Proof ; In{X)draw DE | AB
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| There is one and only one line perpendicular to o given lise in ihe same plage ....... }

X &
CDc(Y),CD L AR (iven)

A
= £(CDEisa plane angle of dihedral angle X-AB-Y, (definition of planc angle)

(X)L(Y) (given)
3

= Measure of the dihedral angle ab AR =0

( If two planes are perpendicular to each other, then the measurement of the dihedral angle = 90" )

= m< CDE=9(0"

{ A measure of a dihedral angle is equal o measure of its plane angle and vice versa.
“ o

= CDL1DE

(1T a measure of a dihedral angle between two intersecting planes is 91, then the lines are perpendicular and

vice versa )

“
=CDL{X)

{ The line that is perpendicular to two intersecting lines at a poini  is perpendicular to their plane...... )

[ Corollary of Theorem 7 ]

(Q.E.D)

If two planes are perpendicular to each other, and if a line 15 drawn from any point in one of these

planes perpendicular o the other plane, this line mast hie in the fist planc.”
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A
This means: 4
\
/ 4
[ E o f
:BJ. : !
o
I'.I|_"
)

€0 1 (X).C V).V LX) =TOC (v)

[thrms )

“If a line is perpendicular o 2 plane, then any plane containing that line 1s perpendicular 1o the given plane, ™

In other words @ Let AB L (X)

s }ﬂ* (Y) L (X) Y
AB c (Y)

(ziven: .r"l

ABL(X) at the point B, /

AB (Y) £\ X

Required: Prove that (Y) L (X)

Preof: Let{X)n (Y} = .C_D-' (If two planes intersect each other, their intersection is a siraigh} lin

B=CD (The intersection plane contains the common points)

]

In{X) letus draw BELCD.

(At a given paint in a given plare one and only one line can be drawn perpeadicular to a given line in the plas

Since ;ﬁ 1 {grven)
233
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= =
S0 ABLCD BE (If a line is perpendicular to a plane, then ihe line is perpendicular to all lines

in the planc and pass through its trace.)
e

Since AB =(Y) {given)
 ad
S0 ZABE is plane angle of dihedral angle CD (Definition of plane angle).

" =y =P
m £ARE =9{) { Because AR 1 BE)

=
= Mensure of the dihedral angle (¥)-CD -(X) = 90
{Measure of the dihedral angle is equal to measure of its plane angle and vice versa).
= (V) 1 (X)

(If the measurement of the dihedral angle = 90", then two planes are perpendicular to each

ather and vice versa) (QLE.D)

[iiomms ]

Through & given external line not perpendicular o a given plane there is one and only one plane

perpendicular to the given plane.

A4
This means AB is nod perpendicular on (X)

—F
There is only one plane contains A B and pempendicular on (X)
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Given :

AB is ned perpendicular on (X)

Required: Find a unique plane that contams AR and perpendicular on (X)

Proof : At the point (A) draw AC L (X) ( there is onunique line perpendicular on a given plane , from a point not
helonging o that plane).

,E‘.E‘ AFE:" are Intersect
+'+ There is one unique plane like (Y) containing them (for each intersect lines, there 15 one plane containing them).
<o (Y) LX) (Theorem §)

To prove Uniguesess:
Let {Z) another plane contains A8 and perpendicular on {X)

,-'[“{:‘J.{:l:] (by proal)

S ACe (Z) (Corollary of theorem T)

<o [¥)=(Z) (For every two intersect lines, there is one plane contain them)

[ Corollary of Theorem 9 ]

“IF two intersecting planes are sach perpendicular to a third plane, then ther line of intersection
dicular to the third pl ane.™
Given +(X)  (¥) - AB

QED

A
(0.Y) L (2) x| 3
Required ; F':BJ.EE]
Proof: If AB is nof perpendicular on £ then no more than one / L
plane containg on {Z) (Theorem 9) ,"I e
So, AB L(Z) (QED) [ e

235



SPACE GEOMETRY 06 /
Example 1 i L
In A4BC # | :
BD 1( ABC) _
msA=30" .

AB=10cm, BD =5cm

Find measurement of dihedral angle D— AC— B

Given :

BD L (4BC)
mA=30"
AB=10cm, BD=>5m

Reguired:

Find measurement of dihedral angle [1— AC— B

Proof :

In plane [ABC) Jdraw BE L AC at (E) point { In a plane, there is only one ling perpendicular
on another line at a given point)

" BD L( 4BC) (Given)
o DELAC (Three perpendicular lines theorem)

£ DER (Belongs to dihedral angle) AC ( by definition of plane angle of dihedral angle)
DB L BE {4 line that is perpendicular on a plare is perpendicular on all lines contzined in that

plane and passing through Its trace -
ADBE right angle a1 B

In ABEA night angle at E
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In ADBEwhich is right angle in B
tan{ BED) - % =
Meisiie of wr 2 BED= 45

Measure of dikedral angle D- AC-B= 45'{bmuu measure of dibedral angle equals measure of it's

plane angle and vice versa).

(Q-.E.D}

-]

Let ABC a wriangle, and let

II\: :

AF L{ ABC)
BDLCF
BELCA
Prove that:

BE L[CAF)
EDLCF

Given :

AF L(ABC), BE L.CA . BD LCF

Required:

DE LCF, BE L [CAF)

Proof:

* AF L(4BC) (Given)

o (CAF) L[ABC) (Theorem & - two planes are orthoganal if ane plane has a line perperdicular on the other)

" BE LCA (Given)
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s BE L(CAF) (Theorem 7: Let two planes are orthogonal, the line drawn on one plane and
perpendicular on intercepi line will be perpendicular on ihe other plane tool.

—

YOBD LCF (Given)

S EDLCF (Three perpendicular fines theorem) Q.ED

Example 3

(Y], (X} two orthogonal plancs : E-_a"
..
AB = (X) v
d i
- r ";..,.. ~ ]
CR,RD are perpendicular on 4R Fi W I-"'

And intersect (Y') a1 C,D respectively

L
0

Prove thit:

CDL(X)

Given:
ﬁ&' éﬂ AE:[I} : {I]-J_{'I’}nre perpendicular on .-i.h' and intersect {Y) at .12 | respectively.

Required: chL (X)

Proof: Let (2) a phane of intersect lines BC,BD (for cach two intersect lines, there is oné unique
plane too contain them)

Since AB L BC, BD (given)

N ABL |:E:| fa perpendicudar line on two infersect line al intersect poirt s perpendicalar an their plane)

" ABC(X)  (Given)
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(X} L{Z) (Twe piames are perpendicular if one plane contains a fine perpendicular on the other plane).
WX ) L(Y) (Given)
Since {z]n{}* }= Eﬂ (hecause it is comained in hoth)

+'s €D L{X) Ifeach two intersect planes are perpendicuiar on @ third plane, then, infersect line is
perpendicular on the thivd plane, Q.E.D

Exercises (6-1)

. Prove that plane of planar angle which belongs to dihedral angle is perpendicular on 1ts edge.
. Prove that if a line is parallzl to a plane and it is perpendicular to other plane, then these two

planes are perpeadicular to each other.
. Prove that if the plane is perpendicular to one of two paralle] planes it is perpendicular to the other, too.
4. Fourpoints A,B,C and D are not at the same plane where AB=AC . EeBC . ZAED isplane
angle of the dihedral angle A-BC-D ., Prove that CD=BD

£ Iftwo intersecting lines are parallel to a given plane and they are each perpendicular to two intersecting
planes, then the line of intersection of the two intersecting planes is perpendicular to the given plane.

b, Acircle with diameter AR , AC perpendicular on its plane, D) is a point in the circle; prove that (CDA) is
perpendicular on (CDB).

{ﬁ -3) The Orthogonal Projection on a Plane ]

1- Projection of a point on a plane: it is the trace of the column drawn at that point in the plane.
- Projection of a set of points on a plane: Let L | a set of points in space, its projection is the set of
traces of columns drawn at these points en the plane,

3= Projection of a non-perpendicular segment on a given plane: it 15 the scgment defined by traces
of two columns drawn at ends of the riven plane.

Let 48 non-perpendicular on (X) and let

AC LX) projection of A on {X) is C

BD L{X) projection of B on {X) is D
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«'s Projection of 48 on(X)is TD B
MNote;
v
W AR NX)
Then AR =0
¢ D i
X

4= Inclined Line on a plane: it is the nen-perpendicutar line on a plane bisects it
5- Angle of Inclination: it is the angle bounded by the inclined and its projection on a plane.

A
Let A# inclined on (X) at B
Let AC L{X) inC _
B is A projection on (X) where A ¢ (X) ' ,’E';
j £ J

Also, B is isell projection whare & & (X) X

= BC Projection of A8 on (X

le. D@00
“He(0,9)

- Length of Project
Length of project of a sepment on a plane = length of mclined ® cos of angle of inclination

When A8 is inclined on (X) and angle of Inclination 8 and pm}:ctﬂ'_f d mmiﬁﬂ'= AR cmtd

T= Project of Inclined Plane on X
Angle of Inclination of a plane on a given plane 18 measurement of planar angle belonging to dihedral angle

betwrcen them,
Area of project of inclined region on a given plane = arca of inclined region 3 cos, of angle of inclinaton

s
Let A area of inclined region, A area of project, 8 measurement of angle of an inclim!i-un
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If ome side of right angle is parallel 1o a given plane, then, project of sides on plane are onhogonal.

Crven:

B
G ) P
ABC iz a right angle in B o
/ r ¥
ABI{(X) o
4
AB is project of AR on (X) :
———— - .lll |I..
FC' is progect of BC on (X) f 3 f
| P ™ /
f L~ L [
Reguired: 48 LEC f C A

Proof
AE is project of A8

i reizo, Given
HC' is project of  8C

CC", BB A4 L{X ) (Projection of a segment on & known plane is the segment bounded by traces of two
columns drawn on the plane from ends of segment).

CC'f I BE, A4 (BE’ (two perpendicular lincs on one planc are parallel).
By parallel lines, 44", B8 we plot (Y (for every two parallel lines, there is
By parallel lings, B8'.CC we plot (Z) a unigue plane contain them)

But A_EH[ X) (given)
(F)m ([ X) = B (Twe planes infersect by siraight line)

AB/ AR (If a line is parallel to o given plane, the line i parallel to @il fnes reswling from
intersect of this plane ged planes in that [fre).

Also BE L AR fa perpendicular ine on plare is perpendicular on alf fines drawn from iy frace within that plarel.
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AB L BE (Inone plane, the perpendicular line an one af wo paratlel lires, is arthogonal on the other).
But ABL BC (hecanse m < ABC =90 given)

AR J_f E} (A perpendicular line am twe intersert lines at intersect point iy perpendicufar on their plane).

AB" L(Z) (a perpendicular plane on ane of two pavallel lines is perpendicular on the ather),

ABLBC (4 perpendicular line an plane & perpendicular on all fines drawn from iy trace withen that plane).

[Exanpics QED

ABC is triangle, AC = {X) A0
Dihedral angle between triangle i:] .

Plane ABC and plane X,
it s measurement is 60° , if AB=AC=13cm, BC=10 cm
Find projection of tnangle (ABC) on (X) E . -r - ——
Then find project area A4BC on (X) cf

Given:

AABC, BC =(X)
(ABC)— BC-(X)=60"
AB=AC=13, BC=10
Required:

Find project of A48¢ on (X) and find project area A48¢ on{X)

Proof:

Draw AD L{X)in D (a column can be drawn on a plane at a given point)

D is project of AC {projection of a segment on a given plane 15 the
segment bounded by traces of columns drawn

BD is project of AB on plane at ends of segment)
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—

BC s project of itself on (X)
o+ ABCD is project of A4BC on (X)
In (ABC) we draw EJ,_ E in E {In one plane, a perpendicular line can be drawn oo another line from a given point)
Since AC=AB {given)
'« EC=BE=3cm (The perpendicular column from vertex of isosceles at the base, divides the base into half).
Vo ED L BT (Postulate of three columns thearem)
v £DEA belongs to dihedral  BC {by definition of belonging angle),
However, measurement of dikedral angle is BC = &0 (given)
In A4EB rightinE
AE=J169-25 =14 = [2em
In AAED rightm D

o ED | ED g
=—= =— =
[ L] ,,-:IE I IE = (1]

Amanfuimgcﬂc[i:zl-[lﬂ} (6)= Bear’ QED

1F area of project 18 requi red, 1t ¢an be found as follows

Area of BCD = area of ABC X cos 6"

Lol s Pl T ;
3 {”Hlm{zi ]—JDr:m"
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Exercises (6=2)

I, Prove that length of segment parallel to known plane equals length of its projection on known plane and
parallel to it
L. Prove that I two paralle]l planes cut by a line, then its slope on one of them equals o its slope on the other.

1. [If parallel lines intersect a plane they are equally inclined the plane. Prove that,
4. If two different inclined lines are drawn from a point, which does not belong to a given plane | then
taller one has a slope angle on the plane smaller than the other angle on it.
5. Iftwo inclined lines are drawn from any point to & plane, then one with smaller slope has longer length.
6. Prove that angle of inclination between line and its projection on a plane is smaller than the angle bounded by

line itself and any other line drawn from its position within that plane.

(& o soies ]

Dear student, you have already studied solids at earlier stage, below is a summary of laws of volumes, lateral |

total arens of some solids, A aolid volume is volume of region in apace lying within the solid.

1) Righi Prism
/1 ‘-
A % Diagram
' Mo
I o )
Base area x height

Volume

Total area of interal faces = base perimeter xheighi

Lateral Area
Lateral area + arca of two bascs
Total Area

244



06

SPACE GEOMETRY

2) Parallel Piped |(Rectangular Solid)

E " Diagram
i
-:. ----- i
_/ x
X
Vaxyz
Volume
LA-2(x+y)z
Lateral Area
TA=2(x+y)z+2
Wedkede Total Area
3) Cube
Diagram
3
N=2 Volume
LA=
i Lateral Area
T.A-ByY
Total Area
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4) Right Circular Cylmder

06!

N1 Diagram
1
L=
S
V-xrth
Volume
L.A=2xrh
Lateral Area
T.A =2xrh+2nar’
Total Area
5) Pyramid
Lateral hl:'ighl Dils'"m
Base anca b Y= .!. bh
Height . h 3 Volume
AL baseperimeser x Length of lateral height
2 Lateral Area
Total area = lateral area + base area
Total Area
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6) Right Circular Cone

£ Diagram
1
V=—nr‘h
3 - Volume
L A<nr f?
Lateral Area
T.A=nr f +xr?
Total Area
T) Sphere
Diagram
"«"-f'iﬂ:r3
3 Volume
Area of sphere surface = area of 4 great (magna) Area of
circles= dar’ , S=d4ar’ Sphere
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1) Tetrahedron: is a right tri-pyramid, its four faces are congruent isosceles triangles.
1} Ifa circular cone is cut (intercept) by o plane from one of its generators, then the section is a trangle, The triangle in the
right circular cone is isosceles.

Exercises (6-3)

I, If the total aren of a rectangular solid 724 em’® |, area of its base 132 cm” und arca of one  lateral face = 110 e, then
find s volums,

Right circular eylinder, it’s lateral area 4007 em’ |, volumse 2000x cm’ |, find height and radius of it’s base

1. Prove that the valume of o uniform tetrahedron, whose length of cach edge is L umit, is

4, Let aplane pass through a venex of & Aght circular cone and cuts it's base by a line whose distance is ¥ em from the
centre of base. If area of the section is 102 cm’ and latitude of the cone is 15 em, then find and its al area.

.2

unit’,

1) The volume 2) Lateral area  3)Total area

5. If you are known that it can be pessible to draw a sphere owtside the regular terrahedron .

meuhumdhﬁurhsphm-% height

CGeneral Exercises

¥
1), i the vahoes of 25w Rowhich sakfafoen 2 -
x4+ 14

% F 240
2) Fmdth:multuf[!w“+h#+m] neZ
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l—vfil'
1+4=3

1
. 0 i 15 i complex number then findz* by using De moivre's theorem.

41 An ellipse whosz center {8 at origin and a kyperbola which intersection point of axes 15 it's center, Each of them
passes through the foci of the other ose and if 9x™+25v™= 223 is eqauation of ellipse then find
) Area of region of ellipse
b} Pemmeter of ellipse
¢} The equation of hyperbola then sketch it
d) Eccentricity of each of them

51 Find the equation of ellipse whose foci are on x-axis and, center is at origin and it's area is T unit” and perimeter is
10 uni

&) Find % Torr each of the followings.

a) W'y —2y="x4+3 Bl y= singx tan2x
) yme' 2l d) ¥ = tanfoos x)
el y=x'lnld Fy y= lnfan’ x)
e se’ o
| hl y=cosie™)
22 e

71 Use th Bolle's theorem and then mean value theorem te find the value of ¢ for the function
[la)=a"-2x%, xe [—2..2]

Bl [lx}=ax’ =dx+ 5 sstisfies the conditions of Rolle’s theorem on ihe interval
[-Lo]amdirc =2 belongsio(~1.b) then findthevaiveof a.be R

Yy A paralielpiped whose base is a square and it's height is three times of the base length .Find the
approximate value of the vohume when the length of it"s hase is 2,97 cm,

113 The volume of a right circular cone is 2 0neny’ find it"s radius hase approximately when it's height is 10 cm.
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IIEf(x)=+ 31x+1 find f{1.01) approximately by using corollary Mean Value Theorem,
12} By using differentiation information sketch the graph of the curve yx*=1.

13} Find the integral for each of the followings.

a:jtcm':_;i.ﬁ K] dbe b]fhiniﬂhl!l[ms’ié:-:;z]ch

E]fﬂdﬁ. HJJ-EMH-J'-
X
E':lj-t'LllI ost ' ke ”f T = 5% el
| : (kT
g]fmdl I"I:'J“-N K3 -
14) Solve the differential equation v'= m:y ,y=% cx=1

15) Solve the differential equation %=—2x1m V stch that x =0when y=%

161} Solve the differential equation "=y —x such that x=1.y=1.

17) Solve the differential equation (x” + 337 Jev — 2xvdy =0
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